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Abstract 



We prove the index theorem for eUiptic operators acting on sections of bundles 
i where fiber is equal to a projective module over a C*-algebra, in the situation of 

action of a compact Lie group on this algebra as well as on the total space commuting 



• with symbol. As an application the equivariant index theorem for a direct product 

, of base by the space of parameters is obtained. 

I The present preprint is a detailed version of a combination of two papers to 

Q^ ' appear in "J. Math. Sci." and "Ann. Global Anal. Geom." 
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1 Introduction 



The rational version of index theorem for C*-elliptic operators |3T|] has numerous ap- 
plications in differential topology (to proof the Novikov conjecture), differential geometry 
(curvature of spin manifolds), theory of elliptic operators with random and periodic co- 
efficients, etc. After that the equivariant generalization of this theorem |fT|, as well as 



equivariant generalization taking the torsion into account |^ was obtained. They also 
have found their applications (see, e.g. [^, ^). In these theorems a compact Lie group 
acts on the total space of a bundle of A-modules, but not on the algebra A itself. For 
some applications, the most classic of which is calculation of equivariant index of a family 
of elliptic operators, it is necessary for the group to act on A compatible with the action 
on the total space. The present paper is devoted to the decision of this problem. 

We use intensively the foundations of theory of C*-Hilbert modules. One can find it 
The modern state of index theory for families and its applications can be 



m 



23, H, |2I 
in 



found e.g. in ^4 



The author is grateful to V. M. Manuilov and A. S. Mishchenko for helpful discussions. 



2 An averaging theorem 



Let G be a compact Lie group acting continuously on C*-algebra A by involutive automor- 
phisms. If A is unital, then the unity has to be invariant. Then g E G takes self-adjoint 
elements to self-adjoint and positive ones to positive. 

Remark 2.1 If a > 6 > 0, then ga > gb. Indeed, a — b = c*c > 0. Hence, 
ga- gb = g{c)*g{c) > 0. 

An A-module M is called GGA-module if it is equipped with a C-linear action of G, 
such that 

g{m ■ a) = g{m) ■ g{a), m G M, a ^ A. 

Definition 2.2 An inner A- valued product on Hilbert module is called invariant or 
GGA-product if 

{gx^gy) = g{{x,y)). 

Let us remark that the averaging theorem of [^] (see also [^) does not define an 
invariant product in the GGA-case. Moreover, the formula 



{u,v) 



{T^u,T^vy dx, 



does not define an y4-inner product: 

Example 2.3. Let A4 = A = G{G). Then the new "product" is valued in constants 
only. Some effects of such originality are studied in . 

Definition 2.4 Let us define an action of G on the module hiA) over a unital 
G-algebra A by the formula g{ui, U2, ■ ■ ■) = {gui, gu2, • • •)■ 
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Lemma 2.5 This is a continuous action, and the initial A-valued product is invariant 
with the respect to it. 

Proof: First of all 

g{ua) = g{{ui, Ma, • • •)«) = (giuia), g{u2a), . . .) = {g{ui)g{a),g{u2)g{a), . . .) = 
= {9{ui),g{u2), . . .)g{a) = g{u)g{a). 

Further, 

oo oo oo / oo \ 

{gu,gv) = Y,{9{ui)y9{vi) = = Y.9iu*Vi) = g JK^O = 9i{u,v)). 



i=l 



i=l 



i=l 



\i=l 



Let us demonstrate the continuity. Let — < e as automorphisms of the algebra A. 
Then 



- h)u, {g - h)u) 



Y^{{g - h){u;)ng - h){ 



Ui 



Ui 



i=l 



{9-h)Y.< 



Ui 



i=l 



< e\\u\ 



□ 



Let us recall some facts about the integration of operator- valued functions Let X 
be a compact space, A be a C*-algebra, : C{X) — A be an involutive homomorphism 
of algebras with unity, and F : X — > ^4 be a continuous map, such that for every x & X 
the element F{x) commutes with the image of In this case the integral 

/ Fix)d^ G A 
Jx 

can be defined in the following way. Let X = W^^^Ui be an open covering and 

n 

^aj(x) = 1 

i=l 

be a corresponding partition of unity. Let us choose the points G Ui and compose the 
integral sum 

m, {a,}, {e.}) = E Fi^Mc^^)■ 
1=1 

If there is a limit of such integral sums then it is called the corresponding integral. 
If X is a Lie group G then it is natural to take equal to the Haar measure 



^■.C{X)^C, / a{g)dg 

Jg 



(though this is only a positive linear map, not a *-homomorphism) and to define for a 
norm-continuous Q : G ^ L{H) {A is realized as a subalgebra in algebra L{H) of all 
bounded operators on Hilbert space H) 



/ Q{9)d9 = '^^^^Q{^i) (^i{.9)d9- 

JG , JG 
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If Q : G ^ P+{A) C L{H), then, since jc^^iid) ^9 > 0, we get 

EQte)- / (y^i9)dg e P+{A) and / Qig)dg G P+(A) 

(the positive cone P^(^A) is convex and closed). So we have proved the following Lemma. 

Lemma 2.6 Let Q : G ^ -P^(^) ^ continuous function. Then for the integral in 
the sense of |^ we have 

I Qig)dg>0. □ 
Jg 



Theorem 2.7 Let GL = GL (A) be the full general linear group, i. e., the group 
of all hounded A-linear automorphisms of 12{A). Let g ^ Tg {g ^ G,Tg ^ GL ) be a 
representation of G such that the map 

Gxk{A)^kiA), {g,u)^TgU 

is continuous. Then on hiA) there is a GGA-product equivalent to the original one. 

Proof: Let ( , )' be the original product. We have a continuous map G —>■ A, x ^— 
x~^{{TxU,Txv)'). for every u and v from h^A). We define the new product by 



{u,v) = X ^{{Tr,u,Tr,vy)dx, 
Jg 



where the integral can be defined in the sense of either of the two definitions from p. 
810] because the map is continuous with the respect to the norm of the C*-algebra. This 
product is an A-Hermitian map hiA) x 12{A) A. Indeed, 



{u ■ a,v ■ b) 



G 



G 



X {{T^{u- a),T^{v ■b)y)dx = 
x"^((T^.(m) ■ {xa),T^{v) ■ {xb))')dx 



X 



G 



X 



G 



G 



{xaY{{T^{u),T^{v))'){xb) 
x{a*){{T,{u),T,{v)y){xb) 



dx 
dx 



{a*)x ^{{Tx{u),Tx{v))')bdx = a*{u,v)b. 



Since x ^ : A — > A is an involutive mapping, it takes positive elements to positive ones 



and by Lemma 2.6 



{u,u) = / X ^{{Tr,u,T^uy)dx,>0. 
Jg 

For T^u = (ai(x), a2{x), . . .) G h{A^) the equality {u, u) = takes the form 



x^^{ai{x)a*{x)) dx = 0. 

i=i 
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Since x~^{ai{x)a*{x)) > 0, we have aj(x) = almost everywhere. Hence, aj(x) = for all 
X by the continuity, and T^u = 0. In particular, u = 0. 

Let us demonstrate the continuity of this new product. Fix u 6 hiA). Then by 
Lemma p.5| , x i-^ Tx{u), G — > hiA) is a continuous mapping of a compact space. Hence, 
the set {Tx{u) \ x G G} is bounded. So, by the principle of uniform boundness [y, vol. 2, 
p. 309] 

limT,(t;) = (1) 
uniformly with respect to x ^ G. If u is fixed then 

< Mu = const 

and by (|l|) 

\\{u,v)\\ = II / a;"i((T,M,T,t;)')rfa:|| < 

< M„ ■ t;o/G ■ sup ||T,(t;)|| ^ (v^O). 

This gives the continuity at and hence on the whole space hiA) x l2{A). Since each 
operator Ty is an automorphism, we get 

{TyU, Tyv) = x'^{{T^TyU, T^Tyv)') dx = 

y{xy)'^{{T^yU, T^yv)') dx = 

i. e. this product is invariant. 

Now we will show the equivalence of the two norms and, in particular, the continuity 
of the representation. There is a number N > such that ||Tx.||' < for every x E G. So 
by 1^ (for the simplicity vol G = 1) 



\{u,u)\\a=\\ / X ^{{T^u,Ta:uy) dx\\A < 

<j G 



2 



< sup||T,M||' <N\\\u 
\xeG J 



lf\2 



On the other hand, let {u, u)' = 1. Then applying Lemma |2.6| and Remark we obtain 

{u,uy = / g'\{u,u))dg= g-^{{Tg-iTgU,Tg-iTgU)') dg < 

J G J G 

< [ g-\\\Ty-^f{TgU,TgUy)dg< 

<j G 

< I g-\N^{TgUg,TgUgy)dg = N' f g-\{TgU,TgUy)dg = N^u,u). 

J G J G 

Then (||u||')^ = ||(m,m)'||^ < A^^|| (m, u)||a = A^^||u|p. By linearity we obtain a similar 
estimate for u with invertible (u, u)', while the elements of such a form are dense (see 



11) in h^A). □ 
Remark 2.8 /2(-P) is a direct summand in /2(^), so the previous theorem holds for 
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3 K-theory of CCA-bundles 



Let us recall some general constructions of K-theory, contained in ||2J| , and also . 

Definition 3.1 1.6.7] An additive category C is called pseudo-Abelian, if for 

each object E from C and each morphism p : E —>■ E, satisfying to a condition = p 
(i. e. an idempotent) there exists the kernel Kerp. For an arbitrary additive category C 
there exists associated pseudo-Abelian category C which is a solution of the appropriate 



universal problem and is defined as follows ||2J, 1.6.10]. Objects of C are pairs {E,p), 
where E G Ob (C) and p is a projector in E. A morphism from {E,p) to {F, q) is such a 
morphism f : E F oi the category C, that fop = qof = f- 

Definition 3.2 § II. 1] We call simmetrization of an Abelian monoid M the 

following Abelian group S{M). Consider the product M x M and its quotient monoid 
with respect to the equivalence relation 

{■m,n) ~ {m',n) ^p,q '■ {m,n) + {p,p) = {m',n') + (g, g). 

This quotient monoid is a group denoted S{M). If we consider now an additive category 
C and denote through E the isomorphism class of an object E from C, then the set of 
these classes is equipped with a structure of an Abelian monoid with respect to operation 
E + F = {E Q) F)'. In this case the group S'($(C)) is denoted through K{C) and is called 
Grothendieck group of the category C. 



Definition 3.3 [p4| , § II. 2] Banach structure on an additive category C is defined 
by the introducing of the structure of a Banach space on all groups C{E,F), where E 
and F are arbitrary objects from C. It is assumed, that applications of composition of 
morphisms C{E, F) x C{F, G) — > C{E, G) are bilinear and continuous. In this case we 
call C Banach category. 



Definition 3.4 [E^, § II. 2] Let C and C be additive categories. An additive functor 



ip : C ^ C is called quasi- surjective if each object of C is a direct summand of an object of 
type ip{E). A functor (p called full if for any E, F e Oh (C) the map ip{E, F) : C{E, F) 
C'{ip{E), 'p{F)) is surjective. For Banach categories ip is called Banach if this map fpi^E, F) 
linear and continuous. 

Definition 3.5 [p4| , II. 2. 13] Let ip : C ^ C he a, quasi-surjective Banach functor. 
We shall denote by T{ip) the set consisting of triples of the form F, a), where E and 
F are objects of the category C and a : p:>{E) — > ^{F) is an isomorphism. The triples 
(i?, F, a) and [E' , F', a') are named isomorphic, if there are such isomorphisms f : E E' 
and g : F ^ F', that the diagram 



via) 



p,{E')^^{F') 

commutes. A triple (£", F, a) is elementary ii E = F and isomorphism a is homotopic in 
the set of automorphisms of ipiE) to the identical isomorphism ld^(^E)- We define sum of 
two triples {E, F, a) and {E', F', a') as 



{E®E',F®F',a®a'). 
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The Grothendieck group K{ip) of a functor ip is defined as quotient set of tlie monoid T{ip) 
witli respect to tlie following equivalence relation: a ~ cr' if and only if there exist such 
elementary triples r and r', that the triple o" + r is isomorphic to the triple a' + r'. The 
operation of addition introduces on K{(f) a structure of Abelian group. The class of a 
triple we shall denote by d{E, F, a). 

Definition 3.6 [0, II. 3. 3] Consider the set of pairs of the form {E, a), where E is 
an object of the category C and a is an automorphism of E. Two pairs {E, a) and (£", a') 
are called isomorphic, if there is such isomorphism h : E E' in category C, that the 
diagram 

h 




commutes. The direct sum defines the operation of addition of pairs. A pair {E, a) is 
called elementary , if the automorphism a is homotopic to Id e in the set of automorphisms 
of E. Abelian group |2^, II. 3. 4] K~^{C) is defined as a quotient set (with operation of 
addition) of the set of pairs {{E,a)} with respect to the following equivalence relation: 
cr ~ cr' if and only if there are such elementary pairs r and r', that o" + r is isomorphic to 



a' + t'. 



Definition 3.7 H, II.4.1] Let C be a Banach category and C^'S be the Clifford 
algebra. We shall denote by C^'' the category, objects of which are pairs {E,p), where 
E e Ob (C) and p : G^''^ End (E) is a homomorphism of algebras. A morphism from 
a pair {E, p) to a pair {E', p') is such a C-morphism f : E ^ E', that / o p(A) = p(A) o / 
for each element A G C^''^. 

Definition 3.8 III. 4. 11] Let C be a pseudo- Abelian Banach category. The 



group K^''^[C) is defined as the Grothendieck group of the functor C^''? in the 

sense of the Definition p.5| . 

The following statement can be easily obtained by the properties of Clifford algebras. 



Theorem 3.9 ||2^, III. 4. 6, III. 4. 12] The groups K'^''^{C) depend only on the difference 
p — q. Besides, the groups K^'^{C) and K^'^{C) are canonically isomorphic to groups K{C) 
and K-\C). 

Definition 3.10 Now we can define K^~'^{C) = KP''^{C) and similarly for K-groups 
of functors. 

We need also another description of K-groups, which is equivalent §§ III. 4, III. 5] 
to the initial. 

Definition 3.11 [^, III. 4. 11, III. 5.1] Let C be a pseudo-Abelian Banach category 
and let ii^ be a C^'^-module (an object of the category C^'"^). Gradation of E is such 
endomorphism rj of object E (considering as an object from C), that 

1. = 1, 

2. T]p{ei) = —p{ei)ri, where Cj are the generators of Clifford algebra and p : G^''^ — > 
End (E) is the homomorphism, determining the C^'''-structure on E. 
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In other words, a gradation of is a C^''^"*'^-structure on E, extending the initial 
C^''^-structure (if we put p(ep+g+i) = rj). 

The term "gradation" arises from the following fact. Morphism rj determines the 
decomposition into a direct sum 

E = Eo(BE,, Eo= Ker [^^) , E, = Ker (^ii^) , 

while p : C^'^ End [Eq © Ei) is a morphism of Z/2Z-graded algebras. 

Let us define group KP''^{C) as a quotient group of the free Abelian group, generated 
by triples {E, r/i, 772), where E is a. C^'''-module and rji, rj2 is a gradation of E, with respect 
to the subgroup, generated by relations 

1. (E, r/i, r/2) © (F, ^1, 6) = (F © F, r/i © 6, r/2 © 6), 

2. {E,rii,ri2) = 0, if r/i is homotopic to 772 in the set of gradations of E. 

As usual, by d{E,rii,ri2) G K'^'^iC) we shall denote the class of triple {E,rii,ri2). 
We pass to the necessary specification of these constructions. 

If X is a paracompact topological space, let Vect (X; A) be the category of locally 
trivial bundles p : E ^ X with fiber M = p^^{x) G V{A) and structure group equal 
to Aut^M. Such bundles are called A- bundles. This category is Banach in the sense of 
Definition |3.3| (see also [0, |31|, ^). Let G be a compact Lie group, acting on X and 



algebra A continuously. 

An A-bundle p : E ^ X is called GGA-bundle if a G-space structure is given on E, 
and for any elements g&G,e^E,x&X 

1. gp{e) = pg{e), and 

2. g : p^^{x) p~^{gx) is an GGA-linear mapping (i. e. g{e ■ a) = g{e) ■ g{a))- 

We form the Banach category VectciX; A) whose objects are GGA-bundles and whose 
morphisms are the morphisms of Vect (X; A) that commute with the action of G. 

The set of all continuous sections s : X — > F of a GGA-bundle E over a compact space 
X forms a Banach A-module T{E) (in the topology of the maximum of the norm). The 
group G strongly continuously acts on r(_E') according to the rule (Gs)(x) = gs{g^^x), 
where g & G, s & r(i5), and x E X. Let us note that this module is a GG A-module over 
the algebra of all continuous A- valued functions on X: 

g{s-a){x) = g{{s ■ a){g'^x)) = g{s{g~^x) ■ a{g-^x)) = 

= 9{s{g'^x)) ■ g{a{g'^x)) = g{s){x) ■ g{a){x) = 
= (gis) ■ gia)){x). 

The averaging mapping s t— > Jugs determines a projection n : T[E) —>■ r'^[E), where 
V-^lE) is the space of G-invariant sections. 

Lemma 3.12 Let s' be a G-invariant cross-section of a GGA-bundle E ^ X over 
a closed G -stable subset Y of the compact G -space X . Then s' can be extended to a 
G-invariant cross-section over X . 



iThat is GY C Y. 
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Proof: Similarly to 1], 2.1.1]. □ 

Consider two GG A-hnndles E and F over the compact base X. The G-bundle 



Hom {E, F) is introduced in the standard way. It is not an A-bundle, but Lemma 3.12 
remains valid for it. As usual, we can identify T*^ {Horn {E , F)) with the set of GGA- 
morphisms <f : E F. Using Lemma |3.12| , we obtain the following assertion. 

Lemma 3.13 Let ip' : E\y —>■ F\y be a morphism of the restrictions of GGA-bundles 
E and F over a compact space X to a closed G -stable subset Y . Then ip' can be extended 
to a morphism of G-A-bundles ip : E ^ F over X. If ip' is an isomorphism, then there 
exists a G-stable open neighborhood UofY such that 



ip\u : E\ 



\u 



is an isomorphism. Any two such extensions ipQ and ipi are homotopic to each other over 
some G -neighborhood U' D Y in the class of isomorphisms. □ 

If £■ is a G-space and / is the unit interval, then we define the action of G on F x J by 
the formula g{y,t) = {gy,t). From Lemma p.l3| , as well as in a classical case, we obtain 



the following fact. 

Lemma 3.14 Let Y be a compact G-space, ft'.Y^Xa homotopy of G -mappings 
{0<t< 1), and E a G-A-bundle over X. Then f^E = f^E. □ 



By Lemma |3.13| we can define GG A-hnndle 

El E2 ^ X 

in the usual way, where X = Xi U X2, Y = Xid X2, Xi and X2 are closed G-subspaces 
of the compact space X, Ei Xi and E2 — ^ X2 are GGA-bundles, and ip : Ei\y ^ E2\y 
is an isomorphism. Further, as follows from Lemma p.l4| , Ei U^p E2 up to isomorphism 
depends only on the G-homotopy class of ip. 



Theorem 3.15 (see, e. g. [g9|) Let E and F be A-bundles over X , and a : E ^ F 
a morphism such that '■ E.j. F,j. is an epimorphism for all points x G X. Then there 
exists a morphism (3 : F E, such that a/3 = Hi;'. 

Definition 3.16 Consider a strongly continuous action of G on an arbitrary Banach 
space F. A vector s G F is called periodic, if the orbit Gs lies in a finite-dimensional 
subspace of space F. 

According to a lemma of Mostow (see ||32|) periodic vectors form a dense subset of F. 

Theorem 3.17 Let X be a compact G-space, and E X a GGA-bundle. Then there 
exists a trivial GGA-bundle M = X x M and GGA-bundle E' such that M = E®E', 
where M is a projective GGA-module. 
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Proof: By a lemma of Mostow and Lemma |^ there exist sections si, . . . , s„ 
periodic in T{E), as in complex Banach space, with {sj{x)} generating E\x for any x. 
Taking their orbits, we consider finite-dimensional G-C-module W C T{E) spanned by 
them: W is the C-linear span of {Gsj}j=i^,,,^n- Let Si, . . . , sat be a basis for W. We have 
the trivial GO A-hundle 

M = X X M = X X {A®cW) 

with the diagonal action of G. Define a morphism 6 : M_ E on the generators by the 
formula 6{x, a ® Sj) = Si{x) ■ a. This is an epimorphism of A-bundles. Since 

e{g{x,a(g) s,)) = e{gx, ga (g) g{si)) = {g{s,)){gx) ■ ga = 

= gsiig-igx) ■ ga = g{si{x)) ■ ga = g{si{x) ■ a) = g{e{x, a (g) s^)), 

it follows that 6 is G-mapping. We introduce in M the following fiberwise A-Hermitian 
product. If ( , ) is a G-invariant inner product in W, then let 

((x, a (g) Sj), (x, b (g Sj)) = a*b{si, Sj). 

Then 



{g{x,a<» Si),g{x,b(g> Sj)) = gi^a)* g{b){g{si), g{sj)) = g{a*b){si, sj) = 

= g{{{x,a0 Si),{x,b'g) Sj))). 

Hence, our A-product is G-invariant (in the sense of Def. pT2| ). Such a product gives, in 
particular, the structure of a Hilbert module in any fiber. Let E' = Ker 6'. With the help 
of it is easy to obtain that M^E'^E. □ 

Corollary 3.18 A fiberwise GGA-product can be introduced on every GGA-bundle 
over a compact base. 

Let E' ^ X be an A-bundle. We consider the bundle Hom (i?, E) with fiber 
Hom (i^j;, X G X. An element = Vx' is called a projection in the fiber. De- 
note by Proj (E) C Hom(£',i?) the set of projections. Let QiE) C Hom (E', i?) consist 
of all T such that 2; ■ 1^;^ — Tj. is an isomorphism for any x G X, 2; G C if Re 2; 7^ 1/2. It 
is clear, that Proj [E) C Q{E). The usual method of Cauchy integrals (cf. p. 184]) 
can be used to prove 

Lemma 3.19 There exists a retraction a : Q{E) Proj {E). □ 

Construction 3.20 If E' is a GGA-bundle over a closed G-invariant subspace Y of 
a compact G-space X, then E' ® F' = Y x M for some F', by Theorem p.lTj . We define 
p' -.Y X M ^ Y X M hy the formula p'{e\ /') = (e', 0), bearing in mind the identifications 
indicated above. Then p' is a G-projection with Imp' = E' . We extend p' as a cross- 
section in r'^( Hom (i?, F)) over F to a G-section p over X, where F = Xx M . By Lemma 
on generators from [^, there exists a neighborhood U oi Y such that p\jj G Q{F\jj). 
Taking GU , we may assume that U is G-stable. It is easy to see that E = Ima(p|^) is a 
GGA-bundle and E|y = E'. 
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Definition 3.21 Following the general scheme presented above, we define the K- 
groups for a compact G-space X by setting 

Kg^(X,A) =KP'''i\ectGiX,A)), 
KUX,A) =K^{VectG{X,A)), 
Kg{X,A) =K^^^{VectG{X,A)). 

Let p^'^ : \ectG{X, A) \ectG(Y,A) be the restriction functor, where F is a 
closed G-subspace of X. The following assertion is a consequence of Theorem |3.17| and 
Lemma 3.13| . 

Lemma 3.22 p^'"^ is a full quasi surjective Banach functor in the sense of . □ 

Therefore, setting KJi.(X, Y,A) := K"(p"^'^) in the sense of Definition 3.1CI| , we get (by 
24| , II. 3. 22] and 2.3.1]) the exact sequence of a pair 



. . . KS-^(X, F, A) ^ KS-^(X, A) KS-i(y, A) ^ 

KS(X, y, A) ^ KS(X, A) KS(y, A) ^ . . . (2) 

Consider the trivial G-pair (i?", 5""^^), where -B" is the n-dimensional closed ball, and 
S*"^^ its boundary. Then, according to a construction in ^ for an arbitrary Banach 
category, the categories VectG'(X, A)(_B"), VectG'(X, A){S'^~^) are defined along with the 
group K(5",^"-i; VectG(X,A)) = where 



n-l\ 



: VectG(X, ^ VectG(X, 

is the restriction functor. 

We now give the definitions and show, that ip coincides with 

^B"xx,5-ixx . VectG(5" X X, A) ^ VectG(S"-^ X X,A). 

Since both functors are induced by restrictions, it is suffices to show, that for a G- 
trivial compact space Z the categories VectG(2'xX, A) and VectG(X, A){Z) are naturally 
isomorphic to each other. By definition, VectG(X, A){Z) is associated in the sense of |3.1| 
with the category VectG(X, A)t{Z), defined as follows. The objects of VectG(X, A)t{Z) 
coincide with those of VectG(X, A), and the morphisms are continuous mappings 

Z^ MorvectG(X,A)(^,i")- 

Thus, \ectG{X, A)t{Z) is identified with a full subcategory in VectG(X x Z,A). The 
category 

Vect^(X X Z, A) 

of trivial GGA-bundles over X x Z, with which VectG(X x Z, A) is associated according 
to Theorem p.l7| is a full subcategory of YectG^X, A)t{Z). Passing to the associated 
categories, we get the required result. Comparison of it with constructions in P^ , 
yields two important corollaries. 
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Theorem 3.23 (Bott-Chfford periodicity) We have a natural isomorphism 

KUX,Y,A) = Klr\X,Y,A). 

Theorem 3.24 (Bott periodicity) We have a natural isomorphism 

KUX,A) = Kg{X xB\Xx S',A). 
We get the next result from Construction |3.20| . 

Lemma 3.25 Let Y be a closed G-subspace of a compact space X . Then 

KG{Y,A) = limKG{U,A). 

YCU 

Definition 3.26 Let X be a locally compact paracompact (Hausdorff ) G-space. Let 

Kg AX, A) := Ker{KG(X, A) ^ Kc^t, A)}, 

where X = X U pt is the one-point compactification. 

It is easy to get another description of groups Kg^c from a consideration of the sequence 
(Q) for the pair {X,pt) : 

Lemma 3.27 

KG,c{X,A)^KG{X,pt,A). 

Definition 3.28 Let 

KgUX,A) = Ker{KG\X,A) ^ K^^(pt, A)}, 

KIAX,A) = KgA{X\Y) xR-,A). 
It is necessary to verify compatibility: 

K5;,(F,A) = KG,e(l^xR,A). 

This is done in the same way as for Theorem ||2^, II. 4. 8]. If X and Y are compact, then 
K^^^(X, Y, A) = K^(X, Y, A); therefore, we omit the sign c. 

We finish this Section with another description of our K-groups. 

Definition 3.29 Let X be a locally compact paracompact G-space. A complex of 
GGA-bundles over X is defined to be a sequence 

(^E, d) = [...^E'^ E'+' ^ . . .) , teZ, 

where z G Z, the E^ are GGA-bundles over X, and di are morphisms with di^idi = 
for every i; also, E"^ = for all but perhaps finitely many i. A morphism of complexes 
f : {E,d) (F, h) is defined to be a sequence of morphisms fi : E^ ^ connected 
by the condition /j+ic/j+i = hi+ifi. Isomorphism in this category will be denoted by 
{E,d) = {F,h). A point x G X is called a point of acyclicity {E,d) if the restriction of 
{E,d) to X, i. e., the sequence of A-modules 

,ajx=(^--- — ^ E^ — > E^ — ^ ...J, 
is exact. The support supp (F, d) is the complement in X of the set of points of acyclicity. 
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Proposition 3.30 supp {E,d) is a closed G-subset of X. 

Proof: The G-invariance is obvious. The proof of the fact that it is closed can be 



found, e. g., in |3|, 1.3.34]. □ 
Remark 3.31 The remaining assertions of this section can be proved by the classical 
scheme (cf. |T^) with the specific nature of C*-algebras taken into account, as it was 
demonstrated in two previous lemmas; therefore, the proofs are omitted. 

Definition 3.32 Let y be a closed G-subspace of X. Denote by Ijc{X, Y; A) the 
semigroup (with respect to the direct sum) of classes of isomorphic GGA-complexes {E, d) 
on X such that supp {E, d) is a compact subset of X\Y. Two elements in Lig{X, Y; A) are 
said to be homotopic if for representatives {Eq, do) and {Ei, di) of them there is a complex 
{E,d) representing an element of Lg{X x I ,Y x I; A) such that (i?0) c^o) = {E,d)\xx{o} 
and {Ei,di) = {E,d)\xx{i}] in this case we write (i?o,c?o) — {Ei,di). We introduce the 
following equivalence relation: {Eq, do) ~ {Ei, di) iff there are acyclic (Fq, /q) and (Fi, fi) 
such that 

(Fo, do) © (Fo, fo) - (Fi, rfi) © (Fi, /i). 

By acyclicity we understand the condition supp (F, d) = 0. Let 1sAg{X,Y;A) = 
Lg(X, Y] A)/ ~ . Denote by Liq{X, Y; A) and M^(X, Y; A) the corresponding semigroups 
constructed from the complexes of length n. We have the natural injective semigroup ho- 
momorphisms (addition of the zero term): 

LUX, Y; A) ^ LS+^(X, Y; A), Lg(X, Y; A) := limLS(X, Y; A). 

The equivalence relation ~ commutes with imbeddings; therefore, the indicated mor- 
phisms induce morphisms Mg,(X, Y; A) M'^~^^{X, Y\ A). 

Lemma 3.33 Suppose that E ^ X and F ^ X are GGA-hundles, a : F|y — > F|y 
and (3 : E ^ F are monomorphisms, and in the class of monomorphisms E\y — > F|y there 
exists a G-homotopy joining a and Then there exists a monomorphism a : E F 
such that aly = a. □ 



Lemma 3.34 Mg,(X, Y; A) M^^^^^X, Y; A) is an isomorphism. □ 

Remark 3.35 Suppose that X is compact and y = 0. Then we have a natural 
isomorphism Xi '■ M^(X, 0;y4) 'Kci.X; A), assigning to a class of the complex (0 
E^ ^ E^ ^ 0) the element [F^] - [F^]. 

Lemma 3.36 There exists and unique natural equivalence of functors 

Xi:MUX,Y;A) ^KGiX,Y;A), 



on the category of compact G-pairs, with the equivalence of the form indicated in 3.35 for 
(X,0). 
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Definition 3.37 We return to the case of (locally compact, paracompact) noncom- 
pact, in general, G-pairs {X, Y). Two complexes {E, d) and (F, b) in Ijg{X, Y; A) are said 
to be compactly isomorphic if there exists a compact G-subset C with 

supp {E, d) U supp (F, 6) C int C C C C X \ Y, 

and G-isomorphisms xjj^ : E^ ^ F^ over X, where the following diagram commutes over 
X \ int C: 

— > F° E^ ^ ... ^ E"" — > 

i V'^ lip' lip" 
, F° F^ ... F" ^ 0. 

Complex of the form ^ . . . ^ ^ E F ^ Is said to be 

elementary. Two complexes {E, d) and (F, 6) are said to be compact equivalent, if there 
exist elementary Qi, • • • , and Pi, . . . , such that (F, li) © Qi © . . . © is compact 
isomorphic to (F, 6) © Pi © ... © Pj. This equivalence is denoted by . 

Lemma 3.38 (F, d) « (F, 6) zmj9/ze5 (F, ~ (F, 6). □ 

Lemma 3.39 Suppose that 

(F, = (O ^ F° ^ F^ ^ O), (F, 6) = (O ^ F° F^ ^ o) 
and t/iere exist compact G-sets Ci and C2 such that 

supp (F, d) U supp (F, 6) C Gi C int G2 <Z G2 <Z X \ Y, 
and a GGA-bundle L over G2 with an isomorphism 

^ : (F° © F^)\c, © L ^ (F^ © F°)|c, © L, 
for which 9\c^\ci = d © 6"^ © 1. Then (F, ps (F, 6). □ 

Lemma 3.40 M^(X \ F ; A) ^ M^(X, y ; A) . □ 

Corollary 3.41 

1) ml{X,pt;A) ^ M.l{X-A) 
i= 

KG(X,pt;A) ^ Kg(X;/1), 

2) M^(X,y;A) - M^(X\y;A) 
KG(X,r;A) - KG(X\r;A) 



□ 



Theorem 3.42 There is a natural isomorphism 

Mg{X, Y; A) ^ M^X, Y; A) ^ Kg{X, Y;A). □ 
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4 *-Fredholm operators 



Let us remind the definition of C*-Fredliolm operator [0, ^ . 

Definition 4.1 A bounded A-operator F : Ha Ha, is called Fredholm, if 

1) The operator F supposes adjoint, and 

2) There exist decompositions of the domain Ha = Mi(BNi and the values space Ha = 
M2 (B N2 of F (where Mi, M2, Ni, N2 are closed A-submodules, Ni and N2 have a finite 
number of generators) such that the operator F has with respect to these decompositions 

the matrix F = ( ^ h ^^"^ -^1 • ^1 ~^ ^2 is an isomorphism. 
\ U ^2 / 

In the equivariant case we change the definition as follows. Let hiP) be equipped with 
an invariant A-inner product (it is possible to do this by Remark |^.8| ). We can apply the 
Stabilization Theorem of Kasparov p6| to hiP)'- 



HP) ® Ha = Ha, (3) 

where Ha = J^iZii^ ®c ^i), and {Vi} is the countable collection of finite-dimensional 
spaces, in which all (up to isomorphism) irreducible unitary representations of G are 
realized, and each representation is repeated an infinite number of times. Isomorphism 
(^) is a GGA-isomorphism of Hilbert modules and the sum on the left in (^ is orthogonal. 
We introduce the following notation 

00 m 

Rm= i^^cVi), Ri = Y.iA^cVi}. 

i=m+l i=l 

For any bounded G-A-operator F : h^Pi) h{P2) let S{F) : Ha Ha {S due to 
the word "stabilization") denote the operator 



1 
F 



:Ha = Ha® h{Pi) ^Ha® ^2(^2) = Ha. 



Of course, everything is determined up to a GGA-isomorphism. 

Theorem 4.2 cf. [0, Let Ha = M ® N, where M and Af are closed GGA- 
modules, and M has a finitely many generators ai, . . . , a^. Then M is a projective GGA- 
module of finite type. 



Proof: Just as in 31, 41 . □ 



Definition 4.3 A bounded GGA-operator 

F : /2(Pi) ^ ^2(^2), 

is called Fredholm operator (GGA- Fredholm), if 

1) F admits an adjoint; 

2) for S{F) there exist an inverse image decomposition Ha = A^i © A/i and an 
image decomposition Ha = M.2 ©A/2, where A^i, M.21 Ai, A2 are closed GGA-modules, 
A/i, A/2 have finitely many generators, and the operator S{F) has the matrix form S{F) = 
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in these decompositions, with Fi : Mi M2 being an isomorphism of GGA- 



Fi 
1^ F2 

modules. By Theorem |4 .21 , A^^i and N2 are projective GGA-modules; we can form the index 
element 

index F = [Ml] - [U2] G K^(A). 



Theorem 4.4 (see, e. g. [^) In the decomposition in the definition of A-Fredholm 
operator {see [4.1| ) we can always assume Mq and Mi admitting an orthogonal comple- 
ment. More precisely, there exists a decomposition for F 



F3 
F4 



: Ha = Vo®Wo^Vi®Wi = Ha, 



such that Vf^Q)Vo = Ha, Vi^Q)Vi = Ha, or (what is just the same) such that the projections 

Po-Vo®Wo^ Vi, pi:Vi®Wi^ Vi 

admit conjugates. 

Lemma 4.5 Let M. = A4o (B M.i be a decomposition into an orthogonal sum and Ai 
and A4q are GGA-modules with an invariant inner product. Then M.i is invariant. 

Proof: Let x G M.q, y G Aii and g & G he arbitrary. Then 

{x,gy) = gi{g-'x,y)) = giO) = 0. □ 

Corollary 4.6 The previous Theorem is valid in the GGA-case as well. 

Proof: While proving the mentioned theorem we took Vq = (A^o)"*" ^1 = F{Vq). 
Hence, by Lemma all modules are invariant. □ 
The remaining statements of the present section can be proved similarly to the GA-ca.se 
(see 



41, g 



Theorem 4.7 The index is well-defined. 

Lemma 4.8 Let F : h^A) hiA) be a GG A-Fredholm operator, then there exists 
an e > such that any bounded GGA-operator D, restricted to satisfy \\F — D\\ < e and 
admitting an adjoint, is a GG A-Fredholm operator and index D = index F. 

Lemma 4.9 Let F and D be GG A-Fredholm operators, 

F : kiVi) ^ 12{V2), D : 12{V2) ^ kiVs). 

Then DF : l2{Vi) hi'Ps) is a GG A-Fredholm operator and index DF = index D + 
index F. 
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Lemma 4.10 Let K : hiV) hi'P) be a compact GGA-operator. Then 1 + K is a 
GG A-Fredholm operator and index (1 + K) = 0. 



Lemma 4.11 Consider a GGA-Fredholm operator F : l2{Vi) —>■ 12{'P2)- Let an opera- 
tor K G IC{l2(Vi) , 12(^2)) be G-equivariant. Then the operator F + K is a GGA-Fredholm 
operator and index {F + K) = index F. 



Lemma 4.12 Let F : l2{Vi) h{'P2) be a bounded GGA-operator admitting an 
adjoint, D = S{F) + if G End*?^^ and K G IC{T-Ca) be GG A- operators. Let D have a 
decomposition of Ha from the definition of G- A-Fredholm operator. Then F is a GGA- 
Fredholm operator. 



Theorem 4.13 Let 



F : kiVi) ^ l2{V2), D : /2(^2) ^ kiV^). D' : 12{V2) kiV^] 
he hounded GG A- operators admitting an adjoint and 

SiFD) = In^ + Ku S{D'F) = 1„^ + K2, K,, K2 G /C(H^). 
Then F is a GGA-Fredholm operator. 



Lemma 4.14 Let D, D' , and F he hounded GGA-operators admitting adjoint. Let 
FD and D'F he GGA-Fredholm operators. Then F is a GGA-Fredholm operator. 



5 The Thorn isomorphism 

In this section we discuss the theorem on the Thorn isomorphism in Kg( , A)-theory. As 
in other cases (see e.g. Jl^) it plays an important role. 

Let X be a G-space, p : F —>■ X a. complex bundle over X, and s : X ^ F an invariant 
section. We denote by A*(F) the complex G-bundle of i- vectors over X. Let us define the 
complex A{F, s) over X of lengths n = dimF: 

A(F, s) := (0 ^ A°(F) A\F) ^ . . . ^ A"(F) 0), 
where a''{vj.) = s{x) A v^. for G A'^(F)j.. 

Lemma 5.1 ( see [jT6|) 

1. {A{F,s),a) is really a complex. 

2. supp(A(F, s)) = {a; G X\s{x) = 0} and if this set is compact, then the element 
[A(F, s)] G KciX) IS defined. □ 
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Let n : p* F ^ F he the bundle with total space 

P*F = {(A, h)eFxF I pUi) = P(/2)}, vr(/i, = h- 

The vector bundle {p*F, it, F) has the canonical section 

Sf:F-^P*F, = (/,/). 

The support of sp is equal to X. Hence, if X is a compact set, the element [A{p*F, sp)] = 
Xp G Kg{X). is defined. Let us define hj a ■ b the element p*{a) E Kg{F; A). 
Definition 5.2 If the base of a vector bundle is compact, then the mapping 

ip : Kg{X; A) Kg{F; A), ip{a) =a-XF. 

is called the Thorn homomorphism. 
The following statement is obvious. 

Proposition 5.3 The Thorn homomorphism ip is a morphism of R{G) -modules. □ 
Let i : X "—>■ F he the enclosure of the zero section of F. It induces the homomorphisms 
t* : Kg{F- A) ^ Kg{X- A), z> : Kg{X; A) Kg{X- A). 

Proposition 5.4 1. If X is compact, then the following sequence is defined 
— ^ A°F ^ A^F ^A^F — > ...^ A"F — ^ 0. 

It defines an element of Kg{X). For any element a G Kg(X; A) 

i*^(a) = a • [0 — > A^F ^ ... ^ A"F — ^ 0]. 



2. For a G Kg(X; A) ^ Mg(X; A) (see 



i=0 

Proof: By the construction of the natural isomorphism between Kg and M^, these 
assertions are equivalent to each other. Let us prove the item 1. Let a G K.g{X;A) he 
represented by the complex 

a = [{S, a)] = [0 ^ E'^ ^ . . . ^ E° ^ 0]. 

Then 

ip{a) = a- Xf = [{p*S,p*a)^A{p*F,SF)], 

hence 

i*cp{a) = [{t*p*£,i*p*a)] ® [t*A{p*F,SF)]. 
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Since pi = 1, we have {i*p*S, i*p*a) = {S, a) = a, while the restriction of complex 
A{p*F, sp) on X is equal to 

[0 — ^A°F^...^A"F — >0]. □ 

Let us pass to the case of a locally compact space X. The complex A{p*F,sf) has 
no compact support now and does not determine the element Ai? G Kg{F). However, if 
a = a)] G Kg(X; A), then 

supp{(p*£:,p*a)(g)A(p*F, sf)} C 

C supp n supp A Si;') C 

C supp n X = supp(£^,a). 

Thus, the complex {p*£,p*a) ® A{p*F, sp) has the compact support. We obtain a homo- 
morphism of i?((j')-modules 

^ : Kg{X- A) ^ Kg(F; A), <^(a) = [{p*£,p*a) ® A{p*F, sp)]. 

As well as in the compact case, 

iXa) = a [0 ^ A°F A^F . . . ^ A"F 0]. 

Passing by the Bott periodicity to (see Theorem p.23|) , we define the Thorn homomor- 
phism in the general case: 

ip = cp^^:KUX;A)^KUF;A). 

Let now E and F be two complex G-bundles over X. Then a product is defined by 
the formula 

/z : Kg{E) ® Kg(F) ^ Kg(F X F). 
Since the enclosure E (B F —>■ E x F induces a homomorphism 

we obtain the multiphcation ■ : Kg{E) (g) KGiF) ^ Kg{E ® F). 
Theorem 5.5 1. |[l^ If X is compact, then 

Xe ■ = Xpf^p. 

2. In the general case ■ Lp^ = Lp^ ■ ip^ = v^f®'^. The equalities hold in the following 
sense. Let, for example, ah G Kg(X;A), where a G Kg{X), b G Kci^'jA). Then 

3. [|K| Let Fi and F2 be two complex bundles over X, and Si, S2 their section. Then 

A(Fi © F2, si © S2) = A(Fi, si) © A(F2, S2). 



5 THE THOM ISOMORPHISM 



20 



Proof: The item 2 immediately follows from the item 1 and the definition of the 



Thom homomorphism. The items 1 and 3 are proved in |T^. □ 



Proposition 5.6 Consider E ® F as a bundle over X as well as a bundle over E. 
Then the diagram 

K.}.{E®F-A) = K*^{E(BF;A) 

is commutative. 



Proof: Consider the projections 

p: E ^ X, q: F ^ X, r : E ® F ^ X, t : E ® F E. 

Let X G Kg{X- A). Then i^^{x) = p*{x) A{p*E, se), 

= r{p*ix)Aip*E, se)) A{t*iE © F), se^f), 

t*p*{x) = r*{x), t*A{p*E, Se) = A{r*E, t*SE) 
and A{t*{E © F),SEeiF) = A{r*F,t*SF). Since t*SE + t*SF = se^f, by the item 3 of 



Theorem |5.5| (we denote the elements of K- groups and their representatives by the same 
symbols) , 

ip^®^ip^{x) = r*{x)A{r^E,t^SE)A{r^F,t*SF) = 

= r*{x)A{r*{E © F), se®f) = </^f®^(x). □ 

Let starting from this moment X be separable. Then Co(X)x G is of the class of 
algebras for which the results of are valid. 



Theorem 5.7 g2[ Let X be separable and metrizable, and let action of G on A be 
trivial. Then is an isomorphism. 



Proof: Let us form the geometrical resolution |^ 

^ A ® /C © Co(R) ^ C ^ 0, 

where C ^ C and F are C*-algebras, and K, is the algebra of compact operators in Hilbert 
space. Let us prove the following Lemma. 

Lemma 5.8 The diagram 

K^(X; A © /C © Co(R)) K^(X; G) 

K*a{V- A © /C © Co(R)) K*a{V- G) 
is commutative. Here V ^ X is a C-vector bundle, 

l: A®fC® Co(R) = Ker z/ C, 
is an extension of scalars. 
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Proof: Let a E K^(X; A ® /C (g) Co(R)) be defined by the following complex: 

Then (by ® we define the tensor product over the cartesian product of bases) 

</5A®^®Co(R)(a) = [{p*S,tlj*a) ® A{p*F,sf)] = 



^p*E^^p*A°F {p*E^§)p*A^F)®{p*E^§)p*A'^F) 



I diag ; 



and 



^ (p E ®A$5x:®Co(R) Q'^P ^ F — ^ 



diag 



By definition (p commutes with the Bott isomorphism, which is natural p2[ , in particular, 
it commutes with l^. Hence, Lemma is true for too. □ 
If G is a compact group, X is a paracompact Hausdorff G-space, then X/G is a 
paracompact G-space (see, e. g. [p!6| , p. 7]). The stabilizer is closed ||Tl]|. Hence, it 
is compact and has the type I. Therefore, by the following theorem, C*-crossed product 
Co{X) XI G has the type I in our case. 



Theorem 5.9 |T8[ Co{X)>iG has the type I iff X/G is a To-space and all isotropy 
groups Gx has the type 1. □ 



Let 7 : K}.{X; B) ^ K^{{Cq{X) 0B)>iG) be the natural isomorphism ||, 0. Let 
B := A®}C0 Go(R) and Cq := Co{X) x G (and similarly for V). Consider the following 
diagram 

0-^ Tot{K,{C^),K,{A)) ^ K,{C^) K,{C) ^ K,{C^ C) 



— "flpfj^ *1 

^ Tor {K,{C^),K,{A)) K,{C^) (g) K,{C) K,{G^ ® G), 



where the exact rows represent a part of (4.5) from ||38[ . 
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Consider also the diagram 



'jeZ2 



Bott 



^ K^CS) ® K^A) 



ax 



■K,{C^®A) 



fix 



u 



Tor(ir,(C^),ir,(A)) ^0 



7(g)l 



Q^K}.{X)®KM) 
Q Kl;{V) ® K,{A) ■ 



K,{{C^{X) ® A)^ G) 



KUX;A) 



■K*a{V-A) 



7®1 



K,i{Co{V)^A)><iG) 



^ K,{C^)^K,{A) 



ay 



K,{C^®A) 



Pv 



Bott 



e K,{Cl ® B) 



Tor {K,{C^),K,{A))^Q 



n 

, e K,{ci®c), 

geZ2 



where the rows are exact: they present the main result of |^. Let us consider the 
following diagram: 



e ® S) ^ ® C) ^ Tor (ir.(C^), ir.(A)) 



(Bott) ax 7 



Kh{X-A) 6 



(Bott) av 7 



10 



7VC7 



e ® 5) ^ e K,{Cl ®C)^ Tor (ir^C^), ir.(A)) ^ 



geZ2 ijeZ2 

Let us suppose that all squares [T], . . . , JI)_ are commutative. We obtain the diagram 

^ K*a{X) ® KM) K}j{X- A) Tor (ir.(C|), K^)) ^ 

= ip^m ITT] 



12 



(4) 



^ K*a{y) ® KM) K*c{y- A) Tor {K,{Cl),KM)) ^ 0. 

Its rows are exact by the commutativity of 3 and 4 , and 1 11 1 = 5 . If a G Kq{X; A), 
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then 



h'^cl'^ * 1) iPx oaxo 7(A)) = 

= ^^cl^^ o o (Bott) o ax o 7(a) 
= o (Bott) o (jv o 7 o (y9^(a) = 
= iPv oa^o 7)v9^(a). 



0@ 



6 10 



00 



Hence, (^ is a commutative diagram with exact rows. Let us show that the squares 
p~| , . . . , 1 10 I are commutative. 

• commutes by the standard algebraic argument; 

• commutes by the associativity of (8>: rows and columns are induced by (g); 



2 commutes if we can prove the commutativity of 3 or 4 for any unital A. Indeed 



C is not unital, but we can consider the unitalization C+ of it and the diagram: 

MC^) ® K,{C) ^K,{C^ ® C) 




K,{C^ (g) C+) 



Kf{C,{X)) ® K,{C) K':{C,{X) ® C) 



Kf{C^{X)®C' 



Then the forward square is commutative by 3 . The commutativity of the others is 



evident. Hence, the back square is commutative and we get 2 



8 and 9 commute by the construction of the exact sequence from |3^ 



• commutes since 7 for Ki is defined in p!9| , |2T| via the Bott isomorphism. 
.0 = + 0. 



So, we have to verify the commutativity of _3_ (for any unital algebra) and \Q_ 
Let P be a projective G'-Co(X)-module, M a projective A-module. Then 

a{^®l){[P]®[M])=a{[P ® {Ca^G)]®[M]) = [{P ® {Cq-aG)®MI 

Z Li(G,Co(X)) Z Li{G,Co(X)) C 

and 

a-ia{[P]®[M])=a-i{\P®M]) = a[{P®M) ® ((Co(X) ® A) x G)] = 

Z C C Li(G,Co{X)(g)A) 



[P®M ® {((Co(X)xG)®™„,A)}]. 

C Li(G,Co{X)(g)™axA) 



5 THE THOM ISOMORPHISM 



24 



Let us define the following mapping of the obtained modules 

r : p (g) m (8) (/ a) 1-^ (p /) ma. 
To prove that it is well defined, we have to verify the following equality 

r{{p (g) m)h ® (/ (8) a)) = r((p ® m) ® h{f ® a)), 
where h e L^{G, Co{X)) (g) A. Without loss of generahty it can be assumed that 



1=1 

where h' e L\G,Co{X)), e A. Then 

r((p m)h ® (/ ® a)) = ^ / • h\g)) dg® f ®m - a'a. 

i=i -''^ 

On the other hand, 

r((p (g) m) (g) (g) a)) = ® h^f ® m ■ a^a f g~'^{p ■ h\g)) dg® f 

i=l i=i -''^ 



>m ■ a a. 



Hence, the mapping is well defined for the algebraic tensor products. Since A is a unital 
algebra, r is an isomorphism of the algebraic tensor products. Consider 

t:{P ® {Coy\G))®M^{P®M) ® ((Co(X)xG')®^), 

L^{G,Co{X)) C C L^(G,Co{X)®A) 

t{p® f ® m) := {p®m)®{f® 1a)- 

Then 

tor{p®m® {f ®a)) = {p® ma) ® {f ® 1a) = (^yP ®m^ {I ® a) ®{f ® 1a) = 

^ J^g~^ (jP®m^ {l®a){g)dg®^{f ®1a) = Qp (g) ®{lf®a) = {p®m)®{f ®a), 

i. e., i o r = Id . We obtained an algebraic isomorphism of modules over {Co{X) >iG)®A. 
Let us consider its behavior with the respect to norms. Considering a dense subset, we 
can assume that the element has the form 

k 

^ = ® ^i) ® /i ® Oj, 

i=l 

where 

fi®aie L\G, Co{X)) ®max A C (Co(X) G) ®max A. 

On this dense subset r is the following isometry: 

P®M®{1} — > {P®{1})®M. 
c c 
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Hence, r is an isomorphism of (Co(X) x G) ® A-modules and 

a'ya = a{'y ® 1). 



Let us verify the commutativity of 1 10 | . By Lemma |5]^ it is sufficient to obtain the 
equahty 7^.* = 6^,7. We have: 

'jL.P = (P ® C) ® ((Co(X)®C)xG') = 

A®/C(g)Co(R) Li(G,Co(X)(g)C) 

= (P C) ® ((Co(X)xG)®C) = 

A«)/C®Co(R-) ii(G,Co(X))cg)™^C 

= (P ® C) ® (CoWxG), 

A«)/C(g)Co(R) Li(G,Co(X)) 

and 

t*7^ = fp ® (Co(X)®P)xG) ® Co(X)®C = 

\ L^{G,Co{X)(^B) J Co{X)(g,B 

= (p ® (Co(X)xG')®P) ®C = 

\ L^G,Co{X))(B)B J B 

= (p ® (Co(X)xG')) ® C, 

\ Li(G,Co(X)) / A(g)/C(g)(7o(R) 

where as before B := A ® /C ® Co(R). Let us define 

f : 7t*P — > i*7P, r(p ®c(g)/i) = p®h® c. 
Then f is well defined. Indeed, if a G A C?) /C Co(R) then 

f{pa ® c® h) = pa ® h ® 

f{p ® ac® h) = p®h®ac = pa®h®c, 

and if / G L\G,Co{X)) then 

f((p c)/ ®h) = f{pf ® c® h) = pf ® h ® c, 

f{p (E) c® fh) = p®ifh®c = pf®ih®c. 

Let / ® G (Co(X) X G) ® Then 

f{{p ® c®h){f ® d)) = f{p ® cd® hf) = p® hf ® cd, 

{f{p ® c® h)){f ® d) = {p® c® h) if ® d) = p® hf ® cd. 

Hence, fdefines on the algebraic tensor product a well-defined homomorphism of modules 
over (Co(X)x G) ® C. On the dense subset 

{P ® C) ® L\G,CoiX)) c{P ® G) ® Co(X)xG 

A®/C(g>Co(R) L^(G,Co{X)) AiS)/C(g)Co(R) L^{G,Co{X)) 

the homomorphism f is the following isometry 

(P ® G) ® {1} ^ {P ® {1}) ® G. 

A(g)/C(g)Co{R) A®/C(g)Co(R) 

Hence, f is an isomorphism of modules over the algebra (Co(X)x G)®G completed with 
respect to ®max; and 'y^ = 6*7. 

Now we apply Five-lemma to the diagram (^). The proof of Theorem is completed. □ 
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Theorem 5.10 If X is a separable metrizable trivial G-space, then is an isomor- 
phism. 

Proof: Let us consider the diagram: 

K^(X; A) = Kf (C(X) 0A)^ K,{{C{X) ® A)^ G) ^ 

K*a{y;A) = Kf(C(\/)® A) ^ir,((Co(F)®A)xG') ^ 
^ K,{C{X)®{A^G))^ K*{X-A^G) 

^ K,{C^{V)®{A^G))^ K*{V-A^G). 

To prove the commutativity of this diagram (which imphes Theorem) it is sufficient to 
demonstrate the following. Let be a projective GG^CoiV) ® A-module of finite type 
and is a projective GG, C(V^)-module, i. e. C(y)-module, because the action of G on 
C(y) is trivial. Then 

l{.M ®c{v) E) = -f{M) ^c(V) E. 

Since these are "the same modules" by the definition of 7 in |^ (where it was denoted 
by \Ef), it is necessary to verify first, that the module structure survives, and second, that 
the constructions behaves properly with the respect to morphisms f : E ^ F. Indeed, 

(m(g)e) ■^{M^civ)E) (^J^a{g)Ugdg (g) (f^ = l^j^g^\{m® e) ■ {a{g) ® ip)dg^ = 

g~'^[{m ■ a{g)) (g) (e ■ ip)dg 

^ g'\m ■ a{g))dg^ O (e ■ v?) = (m (g) e) ■^(a^)^c'(v)S a-iaWgdg ® v? 

The statement about morphisms is immediate consequence of the triviality of the action 
ofGonC(l^). □ 
Now, after the particular cases, we are able to prove the general theorem about the 
Thom isomorphism. 

Theorem 5.11 Let X he a manifold, then (fA is an isomorphism. 

Proof: First, let us prove the theorem for the trivial bundle X x V, where V is a 
complex finite-dimensional G-space. 

Let us denote by 1 the trivial 1-dimensional G-module, and the projective space P{V(B 
1) is a compactification of V and we have the following natural homomorphism 

J : Kg{V- A) Kg{P{V © 1); A), j : Kg{V xX;A)^ K^PiV ®l)xX;A). 

Let X be compact. Let us consider an arbitrary element x G Kg(P(\/ © 1) x X; A). 
Let us consider the analytical index of the correspondent family of Dolbeault operators 
over P{V © 1) with coefficients in x (cf. P), i. e. an operator over G*-algebra C{X) © A 
(see Section |]). This is an element of Kg(X; A). Taking the composition with j (cf. p|, 
p. 123]) we get a family of mappings a = ax,A '■ Kg(V x X; A) ^ Kg{X; A), having the 
following properties: 



G 
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(al) a is functorial with the respect to G-morphisms of X and A; 
(a2) the following diagram commutes: 

Kg{V xX-B)^ Kg{X; A) Kg{V xX;B®A) 



Kg(X;5)®Kg(X;A) 

in particular, a is a morphism of KG{X)-m.od\Aes\ 
(a3) a^t,c{K) = 1 e R{G). 

In fact, transferring the space of parameters into coefficients: 

Kg(P(1^ ®l)xX-B) = Kg(P(F © 1); C{X) ® 5), 
we reduce the situation to the case X = pt, and (a2) takes form 



Kg{V- B)®KG{pt;D) 
KGipt; B) KGipt; D) 



-KGiV;B®D) 
■KGipt;B0D), 



(5) 



and the functoriality of (al) means functoriality with the respect to the algebra of coeffi- 
cients. In a usual way with the help of commutative diagram 



O^Kg{V- A) ^Kg{V; A^ 



Kg{V;C] 



^ KGipt; A) KGipt; A+) KGipt; C) 

a can be extended to non-unital (in particular, non-compact) case. The diagram (|^) is still 
commutative. We will need the following two particular cases of it. For B = Co{X) A, 
D = Co{V) we get for x G Kg{V x X; A), y G KGiV) 

axxVAi^ ® y) = <yxA^) ®y ^ Kg(X xV]A). (6) 
For D = Co{X) ®A,B = Cq{W) we get for y' G Kg(W^ x X; A), x' G KGiV) 

dw^xA^^' ® y') = ttpt,c(a;') ® G KGiW xX;A). (7) 
Let X G Kg(X; A), then by (0) with ly = and (a2) 

a{Xyx) = a{Xy)x = x. (8) 
Let y G Kg{V xX;A) = Kg{V; Co{X) O A), then by (D and (g) with W = V 

a{y) (^\v = "(2/ ® ^v) = «(^^ ®y) = a(A^)y = ye Kg{X xV-A), (9) 
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where by y G Kg(X x V; A) we denote the element, obtained from y under the mapping 
XxV VxX, {x,v) t-^ {—v,x) (such that VxXxV VxXxV, {u,x,v) t— > {—v,x,u) 
is homotopic to the identity). Let us apply to the both parts of @ the isomorphism 
Kc{X X V;A) Kc{V x X;A). We obtain that ipa is an isomorphism. But by (H) 
a(f = Id , hence, a is the two-sides inverse. And the unknown automorphism is the 
identity. 

The pass to the case of general complex if-bundle E Y we make similarly to |0, 
p. 124]. Namely, let us take G = U{n) x H and the principal G-bundle X, with which E 
is associated, Y = X/U{n), in such a way that 

Kg{X; A) - Kh{Y- A), Kg{V xX;A)^ Kh{{V x X)/U{n)- A) - K^(E; A). 

Since the identifications commute with multiplication by Ay, we get the desired result. 
(Other way is to enclose the bundle into a trivial one and use the transitivity of the Thom 
homomorphism) . □ 

We shall pass now to some further constructions, connected with the Thom homomor- 
phism. They will be necessary for the definition of topological index. 

Let X and Y be smooth G-manifolds, i : X ^ Y the equivariant enclosure, Y is 
equipped with a G-invariant Riemannian metric, (TX, pt,X) is the tangent bundle of X, 
{N,pn,X) is the normal bundle for i. Let us choose a function e : X — > (0, oo) such that 
the map of N to itself 

n 

n e ; — T 

1 + \n\ 

is G-equivariant and determines a G-diffeomorphism $ : X — >■ ly on an open tubular 
neighborhood W D X in Y. The enclosure i : X —>■ Y is decomposed in a composition of 
two enclosures ii : X —>■ W and i2 '■ W —>■ Y. Passing to differentials we obtain 

TX ^TW ^ TY, d^:TN ^ TW. 



Lemma 5.12 p. 112] The manifold TN can be identified with p^{N © X) with 
the help of a G-diffeomorphism ip such that the following diagram is commutative 

P*t{N © X) - — TN 

TX X 




X. 



Proof: The manifold TN as the vector bundle over X can be identified with p^(TX)© 
p*j^{N). A point of the total space TN is a pair of the form {ni,t + n2), where both vectors 
are from the fiber over the point x G X. Similarly, we represent elements p^{N © X) as 
pairs of the form (t, rii + n2). Let us define ip by the equality ip{ni,t + = (t, rii + ^2). 

□ 
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With the help of the relation i ■ (ni,n2) = {—n2,ni), we can equip 

P*t{N Q) N) = p*t{N) ® pUN) 

with a structure of a complex manifold. Then we can consider the Thom homomorphism 

^ : Kg(TX; A) ^ Kg{pUN (BN),A). 

Since TW is an open G-stable subset of TY and di2 '■ TW — ^ TY is an enclosure, by the 
construction p.20| , there is the homomorphism (^22)* : Kg(TW; A) KciTY; A). 

Definition 5.13 Let i : X — > F be an enclosure. The Gysin homomorphism is the 
mapping 

: Kg{TX; A) ^ Kg(TF; A), i, = {di^) .{d^-^ r ^ ■ 
In other words, it is obtained by passage to i^-groups in the upper part of the diagram 



P*t{N®N) 
TX 



TN TW — 



TY 




Another choice of metric and neighborhood W induces the homotopic map and (by 
the item 3 of Theorem [5.14| below) the same homomorphism. 

Theorem 5.14 ( ) 1. ii is a homomorphism of R{G) -modules. 

2. Let i : X ^ Y and j : Y ^ Z be two G-inclusions, then {j o z); = ji o z;. 

3. Let enclosures ii : X —>■ Y and 12 '■ X Y are G-homotopic in the class of enclosures. 
Then {ii)\ = {12)1- 

4. Let i\ : X Y be a G-diffeomorphism, then i\ = {di~^)*. 

5. An enclosure i : X ^ Y can be represented as a compositions of enclosures X in N 
(as the zero section sq '■ x N) and N ^Y by 12 o : N ^ Y. Then i\ = {12 o $)!(so)!. 

6. Consider the complex bundle p^{N ® C) over TX. Let us form the complex A{p^{N ® 
C),0): 

^ A°(Pr(Ar ® C)) ^ . . . ^ A''{p*t{N ® C)) ^ 

with the noncompact support. If a E Kg(TX; A), then the complex a ® A{p^{N (g) C), 0) 
has the compact support and determines an element of K.g{TX; A). Then {di)*ii{a) = 
a- A{p*TiN (g)C),0). 

7. For x e Kg{TX; A) and y G Kg{TY) ii{x{di)*y) = ii{x) ■ y. 
Proof: 1. By the definition of i\. 

2. To simplify the argument, let us identify the tubular neighborhood with the normal 
bundle. Then {j°i)\ is the composition 



Kg{TX; A) Kg{TN © TN[; A) ^ Kg{TZ; A), 
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where N' is the normal bundle ofYinZ,N[ = N'\x, and TN ® TN[ is considered in the 
same way as at p. 29 as a complex bundle over TX. On the other hand, represents 
the composition 

KciTX; A) ^ Kg{TN; A) ^ Kg{TY; A) ^ 

^ Kg{TN';A) ^ Kg{TZ;A). 
By properties of </?, the following diagram is commutative 

Kg{TX-A) Kg{TN-A) ^ Kg{TY-A) 

\ V i <p i <p 

Kg{TN®TN[;A) Kg{TN';A) 

I I 
Kg{TZ;A) = Kg{TZ;A), 

This completes the proof of item 2. 

3. The homotopy of enclosures does not influence on qt, but only on the further maps 
in the definition of the Gysin homomorphism. But for these maps the assertion follows 
from the homotopy invariance of i^-theory. 

4. In this case N — X, W — Y, ^ — i, i2 = Idy, and the formula is obvious. 

5. By 2. 

6. By definition, 

{d{)*ii = {dti)*{di2)*{di2),id^-^)*ij*^* = {il)°d^-^°diiY°^, 

where ii : X W, i2 ■ W Y. Let (ni, t + na) G TN = p^iTX) © p^(A^), where rii is 
the shift under the exponential mapping, t + n2 a tangent vector to W. If (i$(ni, t + 712) 
is in TX, then rii = n2 = 0. Hence, 

d^-^dii{t) = (0,i + 0), tp^d^-^^diiit) = (i,0 + 0). 

Therefore, '4>°d^~^°dii : TX — > p^{N (B N) is the enclosure of the zero section. Since, 
(p{a) — a ■ A{q^p^{N (S> C), Sp*,(Arg,c)), it follows that {di)*ii{a) — a ■ A{p^{N (g) C), 0). 

7. The mapping dii°qT°'^°d^~^ : TW — > TW is homotopic to the identical mapping. 
Hence, 

h{x ■ {di)*y) = {dt2),{d^-^)*'ijj*ip(x ■ {di)*y) = 

= id^t2)M'^-'yr[{qUx)K*rmc))iQTidtyy)] = 



Id 

- [(rfi2)*(c?$^^)*^*(gT(a^) V(7v®C))] [{dt2)*{dt2Ty] = i\{x) ■ y. □ 



Theorem 5.15 1. Let V be a G-H-vector space and X = pt a trivial G-manifold. 
Hence, TX — pt and TV — V®C Consider the enclosure of zero i : X ^ V. Then the 
mapping 

i, : K^{A) = Kg{TX; A) ^ Kg{TV; A) = Kg{V (g) C; A) 
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coincides with the Thorn homomorphism v?^*^^. 

2. Let V\ and V2 be G-H-spaces, i : X ^ Vi an enclosure. Let us define the enclosure 
k : X Vi©V2 by the formula k{x) = i{x)+0. Then the following diagram is commutative 



Kg{TX;A) 



Kg{T{Vi(BV2),A), 

where (p the Thom homomorphism of the complex bundle 

T{Vi © V2) = V^i ® C © ® C ^ TVi = VI ® C. 

Proof: 1. The assertion follows from the definition of zi. More precisely, X = E 
V, N = V. Also, W can be chosen equal to the interior Di of the ball of radius 1 in \^ 
with respect to an invariant metric. In this case the diagram from the definition of the 



Gysin homomorphism 5.13 takes the following form 




TX = 



In our case \E' = Id and di2 ° d^ is homotopic to Id , since it has the form f © 2; 
(t; © 2;)/(l + |t> © z\). Hence, i\ = ip. 

2. Let the enclosure i : X ^ Vi has the normal bundle N and the tubular neighbor- 
hood W. Then N®V2 is a normal bundle for the enclosure k with the tubular neighborhood 
W © D{y2), where ^(^2) is a ball. If a G Kg(TX; A), then 



h{a) = {di2 © l).{d^-^ © iy{i) © 1)V^ 



\*,„N(BN®V2(BV2. 



a). 



By item 2 of theorem p|, (^^©^©^^evi 
trivial line bundle, 



^y2eV2^ Since a = a ■ C, where C is the 



h{a) = {dt2),{d^-'y^*pT''ia) ■ P^'^'^'iC) 
= ii{a) ■ Xt{Vi(bV2) = ° 
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6 Analytical index 

let us remind how a pseudo differential operator xi'^) over A can be defined starting from 
a symbol a in the case G = e (see, e.g. [PU|). 

Suppose X is a compact closed smooth manifold, vr : T*X — > X is the projection of 
the cotangent bundle, Ei and E2 are smooth A-bundles over X. Let {Uj} be a trivializing 
cover of X for Ei and i?2, {v'j} be the subordinate partition of unity, {ipj} a collection 
of functions such that ipjlsnppipj = 1. A symbol of order m is a morphism of A-bundles 
a : 7i*Ei n*E2. 

Let Uj G V^i^Uj, El) be a smooth section tending to at infinity. Let us assume 
For u G r°°(X, let us define by the formula 



This is the section of the symbol- map (see, e. g. |3^, §2.1]). We obtain a bounded 



y4-homomorphism admitting an adjoint in Sobolev spaces: 

Xa : H'{Ei) - k{Vi) ^ 12{V2) = H'~'^{E2). 

Suppose G is an arbitrary compact Lie group, X is a compact G-manifold, Ei and 
E2 are GGA-bundles over X, the symbol a : 7r*£'i 7r*£'2 is a GGA-morphism. The 
action of G on Sobolev spaces is naturally defined by the formula g{u){x) = g{u{g~^x)). 
Without loss of generality, we can assume the Sobolev inner products on H^[Ei) = hiVi) 
to be GGA-products (see Remark |278|) . 

More precisely, let us choose a C*-Hermitian metrics in bundles to be G- invariant, we 
obtain that under the action of G on Sobolev spaces we get each time admissible products 
(see, e. g. §2.1]). Hence, this \E'DO admits an adjoint with the respect to the averaged 
Sobolev product. 

Suppose a is an elliptic symbol, then (see, e. g. §2.1]) 



{X(r){xr) = l + Ki, (xr) (x^) = 1 + (10) 

for some symbol (parametrix) r, where Ki and K2 are A-compact operators. The action 
of group G on \E'DO is given by g{P)u = g{P{g^^{u))). 

Let g E G he fixed. Let us denote by g{ } the action of g on sections and by g- the 
action on the elements of total space of a bundle. By §2.1] OP,._i and GZ^, hence, 
Intr are invariant under diffeomorphisms, in particular, under g. Hence Int^ has this 
invariance property. Moreover (see, e. g. §2.1]), 

Crm(fi'(XO"))(a;,0 = (^ra{,g " ■ g){x,C) = 



= (^m{x(^){gx,gO = (^{9x,g0 = (^{^,0, 



6 ANALYTICAL INDEX 



33 



since g acts on covectors by 

= g^i = (Dig-'))*^, 

where the tangential mapping (derivative) of an arbitrary smooth map ip we denote by 
D{{p). Hence 

i. e., g{x<^) is another \l/DO with the same symbol a, where x' is some other section of 
the symbol- map. 

Lemma 6.1 Let us fix D = xcr. Then the map G Int m{E, F), given by the formula 

g^g{D), g{D){u) = g{Dg-'{u}}, 

is continuous, i. e., for any s this map is continuous as a map from the group G to the 
space of operators H'^ jjs-m ^qy^j^pp^d yjith the uniform topology. 

Proof: (cf. 0) Let a G g, where g is the Lie algebra of group G. The action of a 
defines a vector field a^. The corresponding differential operator aE acts on sections of 
the bundle E: 

aEiu) = (^^x,-^^ (u). 

The symbol of this operator is equal to aa,E = {a,^)ldE- Similarly for F. Then aaa^E = 
aa,Fcr (see, e. g. ^ §2.1]), 

D {X(^a,E) - iX(^a,F) D G lut „(E, F) , 
\\D {x^a,E) - (XC^a,F) 1^11^ < II ^ II ( II II + II«f||), 

where Qe = X^a,E- If a is in a bounded neighborhood of G g, there exist numbers Cg 
such that 

\\DaE - apDW^ < c„ 

where ||.||^ is the norm in Intm? i- e., the uniform norm in the space of operators — > 

For gt = expta and a smooth section u let us assume f(t) := gt{D)u. Then 

ftit) = exp(taE)D exp{—taE)u. 

Indeed, it is sufficient to prove this equality in one chart for analytical functions, because 
the analytical basis was constructed in an explicit form in ||3l|, p. 854]. For an analytical 
section u{x) we have to prove that 

{e"'^u){x) = u{v,{t)), (11) 

where (fx{t) is the orbit of the action of the one-parameter subgroup, generated by a. For 
this purpose let us consider the function F(t) = u{ipx{t)). It is analytical for \t\ < 1. 
Then for Itl < 1 the series 



n=0 "'■ 



n 
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is convergent. Since (fxit) is an integral curve of the vector field a^, 

^ ' ^ dt " ~~d^^ ^ " {aEu){<^x{t)), 

i. e., F'{t) plays the role of F(t) for the section qeu. By induction 

F(")(t) = (a»(^.(t)). 

Therefore 

fW(0) = (a»(^,.(0)) = (a»(x). 

Hgiicg 

and we have (|ll]). Further, since the action of G on is an isometry, 

= II exp tap {D ge — ap D) exp(— ta£;)M|| < CsHmHs. 

This implies continuity. □ 
Let x^'^ = Di and x^cr = D2 be two \E'DO with the same symbol a. Then Di — D2 E 
^{hiVii 1^2))- If cr is a G-equivariant symbol, then we have shown that g{D) = D' = x'a. 
Hence the orbit G{D) is in the closed linear manifold 

By the previous lemma there exists the averaged operator Av D and it lies in this linear 
manifold. Thus for an elliptic G-symbol the operator Av D is an A-Fredholm one. Really, 
from (|10|) it follows 

Av (D) Av ixr) = (X^ + K[)ixr + K) = 

= ix^) ixr) + Kixr) + (xa) K'^ + K[K'; = 1 + 

Av ixr) Av (D) = ixr + K';){x^ + K[) = 

= ixr) ixcr) + K'l (xa) + (xr) K[ + K'^ K[ = 1 + K2, 

where K[, K^, Ki, K2 are A-compact operators. It was proved that each \E'DO over unital 
C*-algebra admits an adjoint. Hence each element of the orbit G{D) has an adjoint. Since 
the operators admitting an adjoint form a Banach space (algebra), the averaged operator 
Av D has an adjoint. It remains to apply our theory of Fredholm operators. Thus the 
equivariant analytical index 

a-indo- = index AvD G K^{A) = K%{pt; A). 

is defined. It is clear, that all argument about homotopies (see, e. g. [^) is valid in 
the equivariant case. Hence in this case the analytical index defines a homomorphism of 
Abelian groups 

a-ind^ : Kg(TX; A) K^{A) = K^(pt; A). 
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7 The axiomatic approach 

Let us start from the definition of the topological index. Let G be a compact Lie group 



and X be a compact G-manifold. From P3| it follows that there exists a representation 



of G in orthogonal group OV) of some real finite-dimensional space V and G-enclosure 
i : X V. Thus, the Gysin homomorphism (see |^): 

t, : Kg{TX; A) ^ Kg{TV; A) = Kg{V ® C; A) 

is defined . Since TV = ® C is a complex vector space, we have the following Thom 
isomorphism (see ^): 

^ : K^{A) = K^aipt; A) ^ Kg{TV; A). 
Definition 7.1 The topological index is the following map: 

t-ind^ : Kg{TX;A) K^{A), t-ind^ := ip'^oi,. 

Theorem 7.2 1. The index t-ind^ does not depend on the choice ofV, enclosure 
i : X ^ V , and representation G 0{V). 

2. The index t-ind^ is a R{G) -homomorphism. 

3. If X = pt, then the map 

t-ind^ : K^{A) = Kg{TX; A) K^{A) 

coincides with IdxG^A)- 

4- Suppose X and Y are compact G -manifolds, i : X ^ Y is a G -enclosure. Then the 
diagram 

Kg(TX; A) KG(Ty; A) 



t-ind g 



K^{A). 




commutes. 

Proof: 1). Let us consider the enclosures 

: X ^ Vi, 12-. X-^ V2. 

Denote by j = ii + 12 the induced enclosure j : X —*Vi® V2. It is sufficient to show that 
the topological index, which comes from ii, coincides with the index, which comes from 
j. Let us define a homotopy of G-enclosures by the formula 

3s{x) = iiix) + s ■ i2ix) : X ^Vi®V2, < s < 1. 
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Then by Theorems |5.14| .3 and |5.15| .l the indexes for j and jo coincide. Let us show now 
that jo = "^1 + and ii define the same topological indexes. For this purpose consider the 
diagram 

Kg{TX-A) 



Kg{TVuA) 



'KG{T{V^®V2)■,A), 



^3 



K^{A) 



where ipi are the corresponding Thom homomorphisms. The upper triangle is commu- 
tative by Theorem p.l5| .2, and the lower is commutative by Proposition p.6| . Hence 

V^r^ ° (*i)! = ^ ° (jo)i as desired. 

2). This statement follows from 15.31 and 15.141.1. 



3) . This follows immediately from the definition of the index and from |5.15| .l 

4) . Let us consider the diagram 



X 



V. 



Y 



Let us apply |5.14| .2. We have the following commutative diagram 

Kg(TX; A) ^ciTY- A) 



Kg{TV;A) 



or 



Kg{TX;A) 



■Kg{TY;A) 





Kg{TV;A) 

t-ind ^5 \ , / t-md ^ 

K^{A). 

Definition 7.3 An index function is a family of -homomorphisms { ind^} 

md^:KG{TX;A)^K''{A), 



□ 



where G runs through the set of compact Lie groups and X is a smooth compact G- 
manifold. This family is restricted to satisfy the following two conditions: 
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1. If / : X ^ y is a G-diffeomorphism, then the diagram 



Kg{TX;A) 



Kg{TY;A) 



ind^ 



indg 



K^{A) 



is commutative. 

2. li ijj : H —>■ G is a. homomorphism of groups, then the diagram 

KG{TX;A)^KHiTX;A) 



ind^ 



K^{A) 



ind^ 



K^{A) 



is commutative. 



Assertion 7.4 The topological index t-ind^ is an index function. 



Proof: 1). Suppose i : Y ^ V, j = i o f : X "-^ V . By ^.14| .2, the following diagram 
is commutative 

Kg{TY;A) 



Kg{TV-A)^KG{A). 



Kg{TX-A) 



By [5.14| .4, we have in this case f\ = {df ^)* and it remains to use the definition of t-ind . 
2). Immediately follows from the definition. □ 

Let us consider the following two axioms. 

Axiom Al. li X = onepoint, then ind^ : K.g{TX;A) K'~^{A) coincides with 

Id KG(A)- 

Axiom A2. Suppose i : X ^ Y is a G-enclosure, then the diagram 



Kg{TX-A) 



■Kg{TY;A) 



ind^ 



K^{A) 



indg 



is commutative. 



Corollary 7.5 (from Theorem |7.2D The topological index t-ind ^ satisfies axioms Al 
and A2. □ 
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Theorem 7.6 Let ind^ be an index function satisfying axioms Al and A2. Then 



md-Q = t-ind^. 



Proof: Consider a G-enclosure i : X ^ V of a manifold X in a real vector G-space 
V. The one-point compactification (i. e., a sphere) is a G-manifold with the canonical 
G-inclusion e+ : V V+ . Suppose i+ = e+ o i : X ^ V+ . li P = Q e V and j : P ^ V 
is the inclusion, then we obtain the diagram 



Kg(TF; A) 



Kg{TX;A) 



■KGiTV+;A) 




K^^iA) 



indi 



KGiTP;A) = K^iA), 



where = o j : P ^ . By p.l4| .2 (resp., by axiom A2), the left (resp., right) 
triangles commute. By Al, ind^ is the identity mapping. Hence 



ind 



Q = ind^^'j|^= mdQ^{e^)\i\ = ind^""^ (j^); ji ^ i\ 
= ind^jr^ii = jr^ i\ = t-ind^. 



Since j\ : K'^{A) K.g{TV; A) = K.g{V ® C; A) coincides with the Thom homomor- 
phism, the theorem is proved. □ 

Axiom Bl (excision). Let U he a (noncompact) G-manifold and 

be G-enclosures of the manifold U on open subsets of compact G-manifolds Xi and X2. 
Then the diagram 



Kg(TXi;A) 




K^{A) 




Kg{TU; A) 



{dj2), 

Kg(TX2;A) 
is commutative. 

Suppose there exists though one of indicated enclosures. Then by the axiom, the index 

indg:KG(T[/; A)^K''{A) 

can be well defined. 

Let us denote by c-ind]^ the classical (complex) index 



C-ind^ : KniTY) -> R{H). 
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We have the following statement (see 0). Suppose j : * — >■ is the enclosure of 0, 
hence j, : R{0{n)) iro(n)(TR"). Then C-ind ^-^^ = 1. 

Let TT : P ^ X he a. compact differentiable principal bundle for a group H (compact 
Lie group). Then we have (right) free action of if on P and X = P/H. Suppose we 
have left action of G on P and these two actions commute. Let P be a compact left 
{G X P')-manifold. We can form the associated bundle 7ri:Y = PxHF^X with the 
natural action of G. Consider the tangent bundle along the fibers of tti. Let us denote 
it by TpY. Then TpY is a G-invariant real subbundle of TV and TpY = P TF . 
Using the metric it is possible to decompose TY into a direct sum TY = TpY © 7r^(TX). 
Therefore the multiplication 

Kg{TX;A)®Kg{TpY) 

I 

KG{7rlTX;A)(^KG{TFY) Kg{TY;A) 

is defined. There exists the map 

KgMTF) KgMP X TP) ^ Kg{P XhTF) = Kg{TfY). 

Hence we can define the mapping 

7 : Kg{TX; A) ® KgMTF) ^ Kg{TY; A). 

Let us denote 7(0 © 6) hj a ■ b. 

If \^ is a complex vector {G x P)-space, then P Xh V is a. complex vector G-bundle 
over X. We obtain the following ring homomorphism being a homomorphism of R{G)- 
modules: 

fip : R{G xH)^ Kg{X), [V] ^ [P x^ V]. 

Since KGr(PX; A) has a KG{X)-m.odM\e structure, we can formulate the following axiom. 
Axiom B2. If a G Kg(TX; A), b G Kg>,h{TF), then 

\nd^{a-b) = ind ^ (a ■ /ip( C-ind gx//(&))), 

i. e., the diagram 

Kg{TX;A)®Kgxh{TF) '^^JI^^" Kg{TX; A) ® R{G x H) 

Kg{TY; A) Kg{TX; A) ® Kg{X) 



indf 



K^{A) Kg{TX; A) 

is commutative 

Theorem 7.7 Let n : P —>■ X be a principal right H-bundle with a left action of 
G commuting with H. Suppose F is a {G x H)-space. Let us denote by Y the space 
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P X F . Let j : Xi — > X and k '. Fi — > F be G- and (G x H)- enclosures, respectively; 
let TT^ : Pi —>■ Xi be the principal H-bundle induced by j on Xi; assume Yi := Pi Xjj Fi. 
The enclosures j and k induce G-enclosure j * k : Yi ^ Y . In this situation the diagram 



■Kg{TY; A) 

{j*k), 

Kg{TYi;A) 



Kg{TX;A) ®r^g)Kg>,h{TF)- 

Kg(TXi; A) (^n^G) Kgxh{TFi) - 
is commutative. 

Proof: Let us describe 7 explicitly: 

Kg{TX; A) ® KgMTF) ^Kg{TX; A) ® Kgxh{P x TF) = 

Kg(TXi; A) ® KgMTFi) -^Kg(TXi; A) ® KgMPi x ^^1) 
^ Kg{TX; A) ® Kg{P XhTF)^ 



(3 T 



Kg{TXi;A)®Kg{Pi x^TFi) - 
KG{7r*iTX;A)^KG{PxHTF) 



a t 



(12) 



KG((7ri)tTXi; A) ® KGiPi x^ TFi 
^ KgH-kITX) x{PxhTF);A)- 



KgHtc^YiTXi x{PiXh TFi); A) 
KgIttITX ®{PxhTF);A)= KG(Tr; A) 



T ^ ^} ! 

^ KG((7ri)*TXi © (Pi TFi); A) = Kg(TFi; A). 

Let us remind the diagram, which was used for the definition of the Gysin homomorphism 
of an enclosure j : Xi 



X: 

pUNx,(BNx,: 



TXi 



■TN' 



d<l> 



Xi 



TWx, 



4)2 



TX 




'Xi 



31 



Wx, 



J2 



X. 



From the similar diagrams for h and (j * A;)! and the explicit form of the maps it follows 
that the square ^ in (|12D iff a has the following form: 



7 THE AXIOMATIC APPROACH 



41 



where S and T are bundles of the form 



Hence the square _3_ in (|T2D is commutative iff the homomorphism (3 has the form 

/?(r ® p) =j\{T)^ 

®(vr*j2 Xh c?A;2)*((vr*$Xi x^ c/^fJ"^)* (1 x ^ V^Fi ) >c (p) > 
r e Kg(TXi; A), p G iT^lPi x^, TFi). 



In turn, the square 2 in ([T^) is commutative iff the homomorphism e has the form 

£:(r O 5) = j,(r)(g) 

®(vr*j2 xj^ rfA;2)*((7r*<l>Xi Xj^ rf^i^J-^)* (1 x 



r G KG(rXi; A), S G Kgxh(Pi TFi), 
where T is the following bundle: 

T : i (T^^nPN) X g^^ 

Pi X TPi. 

Suppose (5 = [CJ^cu, where [C] G Kgxh{Pi), Q. is the one-dimensional trivial bundle and 
to G KgMTF,). Then 

e(r®5) = j,(r)©{7r*(j2)*($x')*[C]®A;,H} = 

Since the map Kgxh{TF) Kgxh{P x TP) (as well as the lower line in (|12D) has the 
form uj [Q]0uj, we have proved the commutativity of [T] in (|12D. □ 

Let in the situation of axiom B2 

c-ind^^^(G') G R{G) C R{G x H). 

Since /ip and ind^ are P(G)-homomorphisms, the following property holds. 
Axiom B2'. (corollary of B2) If c-indgx^(G) G R{G) C R{G x H), then 

indg(a-6) = ind^(a) ■ c-indG(&)- 

Assume in B2 A = P, H = 1. We obtain the following axiom. 
Axiom B2". (corollary of B2) If X and P are G-manifolds, then 

ind^^^(a-6) = ind^(a) ■ C-indg(6). 
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Theorem 7.8 Suppose an index function ind^ satisfies Al, Bl, B2, then 

ind^ = t-ind^. 

Proof: Suppose in the axiom B2' F is equal to an open [G x if)-subset of the compact 
manifold F. Let j : F ^ F. Then 

ind^(a ■ b) = ind^ {dJ^){a ■ b) = ind^ (a ■ {{dj)J})) = 
= indcW ■ c-indgxH((47')*^) = 

= ind^(a)- c-indg,^(6), (13) 



where J is the enclosure 



Y = PxhF ''A-^' PxhF = Y. 



Indeed, let us consider the diagram 

Kg{TX; A) ® KgMTF) ^ Kg{TX; A) ® KgMP x TF) 

i 1 ® (dj)*^ i 1 O (Id X dj), 

Kg(TX; A) ® KgMTF) Kg(TX; A) ® irGxJ/(P x TF) 

^ Kg(TX; A) ® irG(P TF) = Kg(TX; A) ® ^^^(T^^^) - 

i 1® (Id xj^ rfj)^ i 
= Kg(TX; A) ® Ka(^' x^ TF) = Kg(TX; A) ® Kg(T^>^) - 

^ KG(7ri*TX; A) ® ® i^G(Ti.y) Kg(TF; A) 
i 1 ® a* i (dJ), 

^ KG(7ri*TX; A) ® irG(T^>^) ^ KG(Tr; A). 

This diagram is commutative. In fact, we have 



TY = TfYQtcHTX) 
TY = TpY®7rl{TX) 



and a = Id Xh dj under the identification TpY = P Xh TF. We have proved the second 
equality in ([TB|), the remaining are obvious. 
Let us now take, in particular, 

F = R^ F=(R")+ = S", H = 0{n), b = jil), 1 = [C], 

where j : is the natural enclosure. Then P is a principal 0(n)-bundle over X, 

the group G acts on P commuting with 0{n). Suppose G acts on R" in a trivial way. 
We form the associated real G-bundle 

P Xoin) R" = F ^ X 
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Let us denote by 



i:X-^Y, 



Ix * j, 



the enclosure of X as of the zero section. Assume in Theorem |7.7| F = R", Xi = X, 
Fi = pt. Then we obtain the commutative diagram 



Since 7 (a 



Kg(TX; A) ®R^G) KGxO{n)(TR") 

Kg{TX;A) ®R(G)KG^O(n){pt) 



i\{a) = 7 (((Ix)! ® ji) (a 
= a ■ = a ■ b. 



Kg(TF; A) 

T (Ix * j)!= 

Kg(TX;A). 



7(a®j,(l)) 



By the property of c-ind indicated above, 

C-ind^(;)j,(l) = 1, c-ind^;;o(n)J!(l) = 1, 
where G acts on R" in a trivial way. Now by the axiom B2, 

ind^(a ■ 1) = indQ(a ■ /Up(l)) = 
ind^(a-/ip(c-ind^;;o(„)(6))) = 
ind^(a ■ b) = ind^i!(a). 



indg 



(14) 



Let k : X ^ Z he a.n enclosure of X in a compact G-manifold Z with the normal 
bundle N and a tubular neighborhood $ : X — W. By the definition of the Gysin 
homomorphism, k\ = {di2 o d^)^ji, where di2 '■ TW TZ is an enclosure of tangent 
bundle and j : X — > X is the enclosure of X as of the zero section in the normal bundle. 
In the diagram 



Kg(TX;A) 



■KGiTN;A) ^g{TZ-A) 





K^{A) 



the left triangle is commutative by (|T4D- The map Z2 ■ $ is an open enclosure. Hence 
by B2, the right triangle is commutative too. Therefore, indg = indg o h Hence A2 is 
satisfied. To complete the proof it remains to apply Theorem [7.6|. □ 



8 Proof of the index theorem 

First of all obviously, the analytical index is an index function. 
Lemma 8.1 The analytical index a-ind satisfies the axiom Al. 
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Proof: Elliptic operator over a point is a GGA-mapping P : V ^ W oi projective 
GGA-modules and [a{P)] = [V] - [W] = index P e K^{A). □ 

Theorem 8.2 The index a-ind satisfies the axiom Bl. 

Proof: Suppose a G Kg(TU; A); ji : U ^ Xi and 32 '■ U ^ X2 are G-enclosures; 
TT : TU U is the natural projection. Let the sequence 

^ 7r*£; ^ 7r*F ^ 

be exact for x e C/ \ L, |^| > c (point and (co) vector). Suppose 

a : E\u\L = {U\L)xN, [3 : F\u\l = {U\L)xN, 

L is some G-invariant compact set. Then it is possible to assume the symbols ai e 
Smblo(^i, -El, Fi), (72 e Smblo(-^2, -E'2, -^2) be as follows. Suppose 

Ei^E Uj,a (Xi \ jiL) xN, E2^E U,,^ (^1 \ 32L) x N. 

Let the similar equalities hold for Fi and F2, and ui — pl^j^ Id, a2 — pUj2 Id . Let us pass 
to construction of operators Di and D2, which represent these symbols in Int o(-'^i; E-i,F-i) 
Int 0(^2; i?2, F2), respectively. Let us take a trivializing cover, a partition of unity and 
smoothing functions on U . Pull them back on jiU and , and then complete these 
collections of open sets (to obtain covers) by some open sets not intersecting with jiL 
and j2-f', respectively. By our symbols and with the help of this data let us construct in 
the usual way (non- invariant) operators Di, D2 & CZq, and then 

Di = AvgDi e Int o(Xi), D2 = AvgF'2 e Int 0(^2). 

It is necessary to check up the equality 

index = index ^2 G K^{A). 

Since L is invariant, the averaging over this set is the same for both operators. Since the 
operators have the order 0, we compute index in L2-spaces. For these spaces 

L2(Xi,Fi) = L2{jiL,Ei\j,L)®L2{X,\jiL,E,\x,\j,L) 

and 

Di : L2{Xi \jiL, Ei\x-^\jjL) — L2{Xi \ jiL, Ei\xi\j^L) 

(this is the identity operator). Similar relations hold for D2. On the second summand of 
the decomposition of L2 we have the commutative diagram 

r(ErU)-^nF,U) 



j2L)- 

This diagram demonstrates the coincidence of indices. □ 



r(F2UL)— r(F, 
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Theorem 8.3 The analytical index a-ind satisfies the axiom B2. 

Proof: Consider the manifold Y = PxhF over a compact manifold X, where P ^ X 
is the principal bundle with compact Lie group H, and F is a compact left iJ-manifold. 
The compact Lie group G acts on X = P/H and Y = P Xh F. Hereinafter the metrics 
on P, X, F, Y and on A-vector bundles are supposed to be invariant. Let us recall that 
we considered in the axiom B2 two elements and their product of special form: 

a e Kg{TX; A), be Kg^TF), a -be Kg{TY; A). 

Let us represent these elements by symbols of elliptic operators. Let a be represented 
by a smooth G-symbol of order 1. Let Ai G CZ i (not necessary invariant) have the 
symbol a. Let us choose a trivializing cover {Uj} of the manifold X for P and Y with a 
subordinate partition of unity {v^|}. Let us consider the operator Ai = (pjAi(pj on Uj. 
Suppose p -.Y ^ X is the projection, and Yj = p~^{Uj) = Uj x F. The hfting A{ of A{ 
to Yj is a tensor product. Hence it belongs to Inti(lj). Extend this hfting by zero and 
get the element of Inti(y). Let us average over G: 

^=AvG(E^i)e Inti(F). 

Then ai{A) — 5, where the lifting 5 of the symbol a is defined globally. This follows 
from the invariance of the metric: for the decomposition of cotangent space Y into the 
vertical component r] horizontal component ^ we assume 5(^,7]) = a{^). 

Let us restrict Ai on sections, which are constants along the fibers of Y, then we 
receive Ai- Therefore the restriction A on the space of these sections is a G-invariant 
operator A = A.vg{J2 •^i) ^ CZ i(X) with symbol a. 

Let b= 1(3] e Kgxh{TF), /? = a{B), B E CZi(F) is a (G x /7)-operator. Let Bi 
be the operator over P x F, obtained by a lifting of B. Since this operator is {G x H)- 
invariant, it induces a G-invariant operator B over Y — P Xh F hy the restriction of 
Bi on the constant sections along fibers of P x F — > y. Since P is locally trivial, the 
restriction Bj = B\u^ over Yj = p~^{Uj) ^ Uj x F is the hfting of B. Then Bj e Int i{Yj), 
B e Inti(y). Suppose /? = cri{B), = Piv)^ where ^ is the horizontal component 

and 77 is the vertical one. There is a G-invariant operator 

D=( ~~*] e Inti(r,F°©G° © E'®G\E%G^ © F^ffiG°), 



a{D) 



and = [a] [(3] = a - bhj the definition of the multiplication 7. Let us calculate now 

index D. Since B is "of complex origins", its kernel and cokernel are invariant modules 
from ViA) and index S = [Ker^B] — [Coker^B] e K'^{A). The operator B is the extension 
of B to fibers; Ker B consists of those smooth sections, which lay in KerBx for each fiber 
Yrg. Here B^ is the operator over Y^ acting as B over the standard fiber F. Hence Keri3 
is the space of smooth sections of the vector bundle Kjg = P Xh Keri3 over X. Since A 
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and B commute, A induces an operator on the sections Kq. Prom the definition of 
A it follows that 

where Cj^ is the operator induced by Ai on Ks\uj- By the definition of Ai, this means 
that Cf = Ai Idft-g. Therefore 

Cf e Int 1, e Int 1, a(C^) = a ® Id i^^. 

Thus C''^ is an elliptic G-invariant operator on X, [cr{C^)] — a [Kq] e KoiTX; A), and 

a-ind^a[XB] = index ^C^ e X^(^). 

Similarly, ii Ljs = P Xh CokerB, then a{C^) = a Id^e, 

[a(C^)]=a[Le]eKG(rX;^), 

a-ind^a[LB] = index^C^ e K^{A), 

and 

index ^C^ -index ^C^ = 

= a-ind^(a([i^s]-[LB])) = 

= a-ind^(a//p(c-indGx/f^')) e X^(^). 

It remains to show that 

index ^ D = index ^ - index ^ C^. 
By the definition of the index of an A-Predholm operator, 

index ^ = [N^] - [iVf ] , : ^ Mf . 

Let us remark the following. If 

F=(^^Q Fi:Mo = M,, F^-.No^Nr, 

is a decomposition for GGA-Predholm operator, index F — [Nq] — [Ni] , then index (F*) — 
— index F and 

- index ^ = index ^ (C^)*, 

where {C^y is constructed in the same way as C^, but instead of the operator A we take 
A*. Suppose, 

index ^(C^)* = [N^*] - [N^*], {C^y : M^* ^ M^* . 

Then by the definition of Kb and Lb as the kernels and cokernels, and and (C^)*, 
respectively, we have 

A:M^ = Mf , B{M^) = 0, 
A* : M^* ^ M^*, B*{M^*) = 0. 
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Further, 



D 



1=1 


/ A / T\ /rK\ \ 

© 




® \ 








\ Ml* ) 




{ MK) \ 







(15) 



D \ ® \ = \ © |C|©|. (16) 

This is the description of the action of D on Ker ;B © Ker 

Let now x G Ker yB"*", i. e., {x, y) = for any y such that By = 0. For these x and y 
we have 

BiA*y) = A*iBy) = 0, (Ax, y) = (x, A*y) = 0. 
Therefore ^((KerB)^) C (Ker^B)^. Similarly, 



^*((Cokeri3)^) C (CokerS)^. 

Hence, 



D 

From 



/ (KerS)^ \ / (KerS)^ 

C 



V (CokerS) 



(17) 



V (CokeriS)- 



[ AA* + BB* J - [ BB* J 
it follows that the operator D is an isomorphism on ( Ker S)"*" © ( Coker vB)"*". Taking into 



account the inclusion ([T7|) , (|T5D and ([Tq) , we obtain the following formula for the inverse 
image: 

D-i((Ker^)^©(Coker^)^) C ( Ker ^)^ © ( Coker^)^. (18) 



To prove that 

D : ( Ker B)^ © ( Coker B)^ ( Ker B)^ © ( Coker B)^ 

is an isomorphism, it remains to check up that it is an epimorphism. By calculations 
as above, we obtain that {Ker B)^ is an ^*-invariant submodule and ( Coker S)-*- is an 
^-invariant submodule. The composition DD* defines the isomorphism 

DD* : (Ker ^)^©( Coker -B)^ = ( Ker ^)^ ©( Coker ^)^. 

By (|1^), D is an epimorphism. 
Now we can calculate the index: 

index ^ D = [N^ © A^^^*] - [N^ © A^,^*] = 

= ( W] - Wn) + (K1 - = 

= index ^ + index ^ C^* = 
= index ^ - index ^ = 

= a-ind (^a ■ /ip( c-ind^xH^))- '-' 
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Theorem 8.4 Index functions a-ind and t-ind coincide. 



Proof: From the statements proved above, it follows that we can apply Theorem 

□ 



9 Families and algebras 

Let us remind the connection between C*-elliptic operators and families of elliptic oper- 
ators for non-equivariant case (cf. ^0\)- The equivariant case and the case of families of 



C*-operators can be obtained just similarly. 

Let M be a smooth closed manifold, X be a compact Hausdorff space, A = C{X) 
is a unital C*-algebra. Let us consider a family of operators elliptic along the fibers of 
M X X ^ X. More precisely, we have complex bundles E^MxX,F^MxX and 
an operator D, which is continuous (e. g. after enclosure of the bundles in a trivial one) 



family of operators '■ H''{Ex) — > H'^ '"(F^). By Theorem of Janich pO| the index 



index J = [KerDj - [CokerDj G K%X) = Ko{A) 

is defined (we get bundles after a compact perturbation). On the other hand, E can be 
considered as an A-bundle E^ over M (similarly, Fm), and we can define an operator Da 
by commutativity of the following diagram (we consider the continuous cross-sections of 
subbundle of product bundle of X by Sobolev space of stabilized fiber) 

T{X, {H^{E.,)}) ^r{X, {H^'"^{F,)}) 



H'{Ea) — H'-'^{Fa). 

So {D^]^{h){x) := D^{h{x)), where h : X {H'{E^)}, and locally (when Ea = E^®A) 
^{f a)(x) = / ■ a{x), ^{DaW ® a)){x) = D,{f ■ a{x)) = D,{f) ■ a{x). 



Lemma 9.1 The operator Da is an A-elliptic operator and 

a-ind Z^^ = index a{Dx}. 

Proof: As it was demonstrated. Da is an A-homomorphism. By calculation in local 
coordinates we obtain immediately, that Da is an y4-\E'D0 with the correspondent sym- 
bol. The compactness of X implies its invertibility over the complement of a compact 
neighborhood in the cotangent bundle, i. e. ellipticity. The coincidence of (co)kernels 
follows from the definition of Da after a compact perturbation, which has no influence 
for indices. □ 



REFERENCES 



49 



References 

[1] Atiyah M. F. i^- Theory. — W.A. Benjamin, Inc., New York - Amsterdam, 1967. 

[2] Atiyah M. F. Bott periodicity and the index of eUiptic operators. Quart. J. Math. 
Oxford. 19 (1968), 113-140. 

[3] Atiyah M. F., Bott R., Shapiro A. Chfford modules. Topology 3 (1964), 3-38. 

[4] Atiyah M.F., Segal G.B. Equivariant i^-Theory. — Oxford, 1965. 

[5] Atiyah M.F., Segal G.B. The index of eUiptic operators. II. Ann. of Math. (2) 
87 (1968), 531-545. 

[6] Atiyah M.F., Singer I.M. The index of eUiptic operators. I. Ann. of Math. (2) 
87 (1968), 484-530. 

[7] Atiyah M.F., Singer I.M. The index of eUiptic operators. III. Ann. of Math. (2) 
87(1968), 546-609. 

[8] Atiyah M.F., Singer I.M. The index of eUiptic operators. IV. Ann. of Math. (2) 
93(1971), 119-138. 

[9] Barut a., Raczka R. Theory of Group Representations and Applications. — 
PWN-Polish Scientific Publishers, Warszawa, 1977. 

[10] BiSMUT J.-M. Local index theory and higher analytic torsion. Documenta Math. 
Extra volume ICM 1998. Vol. 1. (1998), 143-162. 

[11] Bredon G. E. Introduction to Compact Transformation Groups. — Academic 
Press, New York - London, 1972. 

[12] CONNES A. Noncommutative geometry. — Academic Press, San Diego, 1994. 

[13] DUPRE M. J., Fillmore P. A. Triviality theorems for Hilbert modules. In: Topics 
in modern operator theory, 5-th Internat. conf. on operator theory. Timisoara and 
Herculane (Romania), 1980. — Birkhauser Verlag: Basel-Boston-Stuttgart, 1981, 
71-79. 

[14] Fack Th., Skandalis G. Conne's analogue of the Thom isomorphism for the 
Kasparov groups. Invent. Math. 64 (1981), 7-14. 

[15] Frank M., Manuilov V. M., Troitsky E. V. On conditional expectations 
arising from group actions. Zeitschr. Anal. Anwendungen, 16 (1997), 831-850. 

[16] Friedrich T. Vorlesungen iiber i^T-Theorie. — Leipzig: Teubner, 1987. 

[17] GiLKEY P. B. Invariance theory, the heat equation and the Atiyah-Singer index 
theorem. — Wilmington, Del.: Publish or Perish, 1984. 



REFERENCES 



50 



[18] GOOTMAN E. C. The type of some C* and W* algebras associated with transfor- 
mation groups. Pacific. J. Math. 48 (1972), 19-45. 

[19] Green P. Equivariant i^-theory and crossed product C*-algebras, Proceedings of 
Symposia in Pure Mathematics 38 (1982), Part 1, 337-338. 

[20] Janich K. Vcktorraumbiindel und der Raum der Fredholm-Operatoren. — Disser- 
tation: Bonn, 1964. 

[21] JuLG P. A'-thcorie equivariant et produits croises, C. R. Acad. Sc. Paris, Ser. 1 
292 (1981), 629-632. 

[22] Karoubi M. Algebres de Chfford et X-theorie, Ann. Sci. Ec. Norm. Sup., 4e ser. 
1 (1968), 161-270. 

[23] Karoubi M. Espaces classifiants en X-theorie, Trans. Amer. Math. Soc. 14 (1970), 
74-115. 

[24] Karoubi, M. X-Theory. An Introduction. — Springer- Verlag, Berhn-Heidelberg- 
New York, 1978, (v. 226 of "Grndlehren der Mathematischen Wissenschaften" ) . 

[25] Kasparov G. G. Topological invariants of eUiptic operators. I: X-homology, Izv. 
Akad. Nauk SSSR. Ser. Mat. 39 (1975), 796-838 (in Russian) (English transL: Math. 
USSR - Izv., 1975, V. 9, 751-792.) 

[26] Kasparov G. G. Hilbert C*-modules: theorems of Stinespring and Voiculescu, J. 
Operator Theory 4 (1980), 133-150. 

[27] Lance E. C. Hilbert C*-modules - a toolkit for operator algebraists. (London Math- 
ematical Society Lecture Note Series 210.) — Cambridge University Press, England, 
1995. 

[28] Manuilov V.M., Troitsky E.V. Hilbert C*- and W*-modules and their mor- 
phisms. J. Math. Sci. - 1999. (to appear) 

[29] Mishchenko A. S. Theory of elliptic operators over C*-algebras. Dokl. Akad. Nauk 
SSSR 239(1978). (in Russian) (English transl.: Sov. Math. Dokl. 19(1978), 512-515.) 

[30] Mishchenko A. S. Banach algebras, pseudo differential operators and their appli- 
cation to K-theoTj, Usp. Mat. Nauk, 34 (1979), No. 6, 67-79 (in Russian) (English 
transl.: Russ. Math. Surv., 1979, V. 34, No. 6, 77-91) 

[31] Mishchenko A. S., Fomenko, A. T. The index of elliptic operators over C*- 
algcbras, Izv. Akad. Nauk SSSR. Ser. Mat, 43 (1979), No. 4, 831-859 (in Russian) 
(Enghsh transl.: Math. USSR - Izv., 1980, V. 15, 87-112.) 

[32] MoSTOW G. D. Cohomology of topological groups and solvmanifolds, Ann. of Math. 
73 (1961), 20-48. 



REFERENCES 



51 



[33] Palais R. Imbedding of compact differentiable transformation groups in orthogonal 
representations. J. Math. Mech. 6(1957), 673-678. 

[34] Palais R. S. Seminar on the Atiyah-Singer Index Theorem. — Volume 57 of Annals 
of Math. Studies. — Princeton, 1965. 

[35] Paschke W. L. Inner product modules over 5*-algebras. Trans. Amer. Math. Soc, 
182 (1973), 443-468. 

[36] Pedersen G. K. C*-algebras and their automorphism groups. — London - New 
York - San Francisco: Academic Press, 1979. 

[37] Rosenberg J., Weinberger S. Higher G-signatures for Lipschitz manifolds. K- 
Theory. 7 (1993), 101-132. 

[38] SCHOCHET C. Topological methods for C*-algebras II: Geometric resolutions and 
the Kiinneth formula. Pacific J. Math. 98 (1983), No. 2, 443-458. 

[39] SOLOVYOV Yu.P., Troitsky E.V. C*-algebras and eUiptic operators in differential 
topology. - Moscow: Factorial Publish., 1996. - 352 p. (in Russian. Revised English 
translation - Amer. Math. Soc, 1999, to appear) 

[40] E. V. Troitsky, The classifying space of a X-functor related to a C*-algebra Vestn. 
Most Univ., Ser.I: Mat., Mekh. (1985), no. 1, 96-98 (in Russian) (Enghsh transL: 
Moscow Univ. Math. Bull. 40(1985), 111-115.) 

[41] Troitsky E.V. The equivariant index of C*-elliptic operators. Izv. AN SSSR. 
Ser. Mat. 50 (1986), N 4, 849-865 (in Russian) (Enghsh translation: Math. USSR 
Izvestija. - 1987. - V.29, N 1. - P. 207-224) 

[42] Troitsky E.V. An exact formula for the index of equivariant C*-eUiptic opera- 
tor. Trudy Mat. Inst. Steklova 193 (1992), 178-182. (in Russian) (English transL: 
Proceedings of Steklov Institute. - 1993. - Issue 3. - P. 197-201) 

[43] Troitsky E. V. Orthogonal complements and endomorphisms of Hilbert modules 
and C*-elliptic complexes, in: Novikov Conjectures, Index Theorems and Ridgidity, 
V. 2 (London Math. Soc. Lect. Notes Series v. 227), 1995. 309-331. 

[44] TsUBOl K. The Atiyah-Singer index theorem for G-equivariant real elliptic families. 
Math. J. Okayama Univ. 36 (1994), 145-177. 

[45] Wegge-Olsen N. E. X-theory and C*-algebras. — Oxford University Press, 1993. 



